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NONCOMMUTATIVE SPHERICALLY SYMMETRIC
SPACETIMES AT SEMICLASSICAL ORDER
CHRISTOPHER FRITZ & SHAHN MAJID
Abstract. Working within the recent formalism of Poisson-Riemannian ge-
ometry, we completely solve the case of generic spherically symmetric metric
and spherically symmetric Poisson-bracket to find a unique answer for the
quantum differential calculus, quantum metric and quantum Levi-Civita con-
nection at semiclassical order O(λ). Here λ is the deformation parameter,
plausibly the Planck scale. We find that r, t,dr,dt are all forced to be central,
i.e. undeformed at order λ, while for each value of r, t we are forced to have a
fuzzy sphere of radius r with a unique differential calculus which is necessarily
nonassociative at order λ2. We give the spherically symmetric quantisation
of the FLRW cosmology in detail and also recover a previous analysis for the
Schwarzschild black hole, now showing that the quantum Ricci tensor for the
latter vanishes at order λ. The quantum Laplace-Beltrami operator for spher-
ically symmetric models turns out to be undeformed at order λ while more
generally in Poisson-Riemannian geometry we show that it deforms to
◻f + λ
2
ωαβ(Ricγα − Sγ ;α)(∇̂βdf)γ +O(λ2)
in terms of the classical Levi-Civita connection ∇̂, the contorsion tensor S, the
Poisson-bivector ω and the Ricci curvature of the Poisson-connection that con-
trols the quantum differential structure. The Majid-Ruegg spacetime [x, t] =
λx with its standard calculus and unique quantum metric provides an example
with nontrivial correction to the Laplacian at order λ.
1. Introduction
In recent years it has come to be fairly widely accepted that quantum gravity effects
could render spacetime better modelled as a noncommutative or ‘quantum’ geom-
etry than a classical one[16]. The remarkable discovery here is that such a quan-
tum spacetime hypothesis is highly restrictive in that not every classical Riemann-
ian or pseudo-Riemannian geometry (M,g) can be quantised while also respecting
symmetries[8, 19], starting with the quantum anomaly for differential calculus or
no-go theorems introduced in [4, 5]. More recently a theory of ‘Poisson-Riemannian
geometry’ in [9] provided a systematic analysis of the constraints on the classical
geometry for the quantisation to exist at least at lowest deformation order. This
emergence of a well-defined order λ deformation theory in [9] means that a specific
paradigm of physics, namely of lowest order quantum gravity effects, emerges out
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2 CHRISTOPHER FRITZ & SHAHN MAJID
of the quantum spacetime hypothesis in much the same way as classical mechanics
emerges from quantum mechanics at first order in h̵. In our case λ is plausibly the
Planck scale so although this is a Poisson-Level theory, it includes quantum gravity
effects and could also be called ‘semi-quantum gravity’[9].
Our primary aim in the present paper is to analyse the content of these constraints
in the spherically symmetric case. This includes the example of the Schwarzschild
black hole already covered in [9] but now taken further and also, which is new, the
FLRW or big-bang cosmological models. In our class of quantisations we assume
that both the metric and the Poisson tensor are spherically symmetric and find
generically that t must be central. The radius variable r and the differentials dt,dr
are then also central as an outcome of our analysis. This means that the only
quantisation that can take place is on the spheres at each fixed r, t and we find that
this is necessarily the ‘nonassociative fuzzy sphere’ quantisation of S2 proposed in
[5] as a cochain twist and later in [9] within Poisson-Riemannian geometry. This
result is both positive and negative. It is positive because our analysis says that
this simple form of quantisation is unique under our assumptions, it is negative
because it is hard to extract physical predictions in this model and we show in
particular that more obvious sources such as corrections to the quantum scaler
curvature and quantum Laplace-Beltrami operator vanish at order λ, in line with
the twist as a kind of ‘gauge transformation’. We do still have changes to the form
of the quantum metric (and quantum Ricci tensor) and more subtle effects such
as nonassociativity of the differential calculus at order λ2. Indeed, quantisation
by cochain twisting remains the main source of quasi-associative examples in the
physics literature[5, 6, 22, 21, 2] so it is significant that our general analysis shows
that we are generically forced into this setting by spherical symmetry.
Our second goal is to the theoretical development of the quantum Laplace oper-
ator and quantum Ricci tensor in Poisson-Riemannian geometry, which continues
on from the development in [9]. We need of course a Poisson bracket { , } on
our Riemannian manifold as the semiclassical data for the quantum spacetime co-
ordinate algebra. Next, as in [4, 9], we need a ‘preconnection’ (or Lie-Rinehart
a.k.a. contravariant connection[14, 15, 10, 12]) compatible with the Poisson tensor
and which controls the quantisation of the differential structure. See also [3] using
contravariant connections in a different context from noncommutative geometry.
However, to keep things accessible within the tools of ordinary differential geome-
try, it is observed in [9] that every ordinary covariant derivative ∇ pulls back to a
preconnection γ(f, ) = ∇f̂ along Hamiltonian vector fields f̂ = {f, } (where f is
a function on the manifold) and we focus attention on this class of preconnections
given by actual covariant derivatives. This is not strictly necessary but is physi-
cally reasonable in the first instance given that covariant derivatives already arise
extensively in general relativity. The downside is that the covariant derivatives that
we obtain will have directions that do not affect the noncommutative geometry, so
there may for example be a unique preconnection or contravariant connection but
a bigger moduli of covariant derivatives with extra directions that do not play an
immediate role for the quantisation (but which could couple to physical fields later
on). Of this covariant derivative we require[9]
(1) Poisson compatibility ∇f̂dh −∇ĥdf = d{f, h}
(2) Metric compatibility ∇f̂g = 0 where g is the metric 1-1 form.
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(3) A condition on the curvature and torsion of ∇ (see Section 2) which provides
for a unique quantum Levi-Civitia connection.
In fact we will assume stronger versions of the first two, namely requiring them not
only along hamiltonian vector fields, so ∇g = 0 for the second item[9]. Again, this is
not strictly needed for the noncommutative geometry but makes sense in practice
as a natural simplification. In this setting it is shown in [9] that the entire exterior
algebra Ω(M) quantises at lowest order, i.e. with a new non-super-commutative
wedge product ∧1, the metric similarly quantises to a quantum metric g1 and the
Levi-Civita connection ∇̂ similarly quantises to a ‘best possible’ quantum Levi-
Civita ∇1 within the recent systematic framework of ‘bimodule noncommutative
geometry’[11, 20, 7, 8, 19]. This in general could have ∇1g1 = O(λ) as an antisym-
metric correction to metric compatibility at order λ. In classical geometry ∇g is
of course necessarily symmetric so there is no antisymmetric part to be concerned
about, but in Poisson-Riemannian geometry[9] the vanishing of the symmetric part
alone determines ∇1 and the antisymmetric part may or may not then vanish. The
optional ‘quantum Levi-Civita condition’ (3) asserts that this effect vanishes and
we have full metric compatibility.
We only require all this to order λ so that this is a semiclassical (or semi-quantum)
theory. However, if λ is of order the Planck scale then this is already so small that,
away from singularities that blow up the effective value, the next order in λ is hardly
relevant and the semiclassical one is the main one of interest. In particular, if the
preconnection ∇ has curvature then the differential calculus will be non-associative
at order λ2, so we do not need care about ∇ being flat in our order λ paradigm.
This already takes us beyond conventional (associative) noncommutative geometry,
i.e. the curvature of ∇ is perfectly allowed in our paradigm but may lead to subtle
effects at order λ2. This is one of the mentioned outcomes of our analysis, that
spherical symmetry generically forces nonassociativity at order λ2.
Another possible effect we will consider concerns the form of the quantum metric.
If we write this as g1 = dxµ ● g˜µν ⊗1 dxν (where ● is the quantum product) then we
find in the general analysis that
g˜µν = gµν + λ
2
hµν
at order λ where hµν is a certain antisymmetric tensor (or 2-form) built from the
classical data. The physical interpretation of this is not clear but if we suppose
that it is g˜ whose expectation values are the observed ‘effective metric’ then we
see that, aside from its values being in a noncommutative algebra, it acquires a
non-symmetric component. This makes contact with other scenarios where non-
symmetric metrics have been studied and means that the metric acquires a spin
1 component. On the other hand hµν is not tensorial i.e. transforms in a more
complicated way if we change coordinates, albeit in such a way that when proper
account is taken of the quantum tensor product ⊗1, our constructions themselves
are coordinate invariant. We look at this closely on one of the models in Section 4.3.
The same applies for the quantum Ricci tensor.
Finally, there could be effects that modify the Laplace Beltrami operator as for
the black hole in [17] in an earlier approach. We show that ◻1 = ( , )1∇1d, where( , )1 is the inverse to g1, gets generically an order λ correction given by the Ricci
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curvature of ∇ and the covariant derivative of the contorsion vector (Theorem 2.3).
We include the Majid-Ruegg spacetime [x, t] = λx as an example, with its unique
form of noncommutative geometry previously established in [8]. Plane waves for
the quantum Laplacian at first order are provided by Kummer M and U functions.
One of the surprising outcomes of the paper is that such examples are relatively rare
and for many others including all central time spherically symmetric models there
is no quantum correction to the Laplacian at first order. We also find no order λ
correction to the quantum Laplacian for the Bertotti-Robinson metric quantisation
of [19] though in this case one can easily compute the quantum geometry to all
orders (this was done in [19] and one see that there are order λ2 corrections to the
Laplacian.
A third goal of the paper is the in-depth study of examples both to explore ef-
fects such as the above and to put the methods of Poisson-Riemannian geometry[9]
into practice. After some general formalism and the quantum Laplacian in The-
orem 2.3 and quantum Ricci tensor in Section 2.2, we study the bicrossproduct
model in Section 2.3 (both for new results and to check the formalism), the non-
time central Bertotti-Robinson model in Section 2.4 and the further treatment of
the fuzzy sphere in Section 2.5 (including the result that its quantum Ricci tensor
is proportional to the quantum metric). These are all 2D models as part of the
theoretical development. Next we in look in Section 3 for any rotationally invariant
quantisation of the classical spatially-flat FLRW metric
g = −dt⊗ dt + a2(t)(dr ⊗ dr + δijr2dzi ⊗ dzi)
where zi = xi/r are equivalent to the angular variables in the polar decompostion
of R3 (here zizjδij = 1 so that only two of the three are independent). We find that
everything works in the sense that, as for the black hole, there does exist ∇ meeting
our requirements. It is not the Levi-Civita connection, which we will rather denote∇̂, and it pulls back to a unique preconnection, so there is a unique noncommutative
geometry at order λ in our context. We also apply the machinery of [9] to find the
unique quantum metric g1 at order λ (it looks the same if we choose the correct
quantum coordinates and ordering) and a unique quantum Levi-Civita bimodule
connection ∇1 which is torsion free and obeys ∇1g1 = 0 both at order λ. On the
other hand, the quantum wave operator ◻1 is undeformed at this order. Section 4
then proceeds to our general results for spherically symmetric metrics including a
revisit to the Schwarzschild black hole with a stronger statement than in [9] and
full details of the resulting noncommutative Riemannian geometry (we find that it
is quantum Ricci flat) at order λ. Section 5 contains a non-spherically symmetric
example, namely pp gravitational waves, but with similar non-deformation features
for the quantum scaler curvature and Laplacian. The paper concludes with some
discussion in Section 6.
2. Formalism
Throughout this paper by ‘quantum’ we mean extended to noncommutative geom-
etry to order λ. There is a physical assumption that quantities will extend further
to all orders according to axioms yet to be determined but we do not consider the
details of that yet (the idea is to proceed order by order strictly as necessary). This
is for convenience and one could more precisely say ‘semiquantum’ as in [9]. We
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use ● for the deformed and ; for the covariant derivative with respect to the Poisson
compatible ‘quantising’ connection ∇.
2.1. Poisson-Riemannian geometry and the quantum Laplacian. We start
with a short recap of the formulae we need from [9] along with some modest new
results in the same spirit. We let M be a smooth manifold with exterior algebra
Ω, equipped with a metric tensor g and Levi-Civita connection ∇̂ on Ω1. We let∇ ∶ Ω1 → Ω1 ⊗ Ω1 be another connection on Ω1 and let Γ̂,Γ be the respective
Christoffel symbols so that ∇βdxα = −Γαβγdxγ
and similarly for ∇̂. The tensor product here is over C∞(M) and we view the
covariant derivative abstractly as a map or in practice with its first output against
∂/∂xβ to define ∇β . Its action on the component tensor of a 1-form ω = ωαdxα is∇βωα = (∇βω)α = ∂βωα − ωγΓγβα, which fixes its extension to other tensors. The
torsion and curvature tensors are
Tαβγ = Γαβγ − Γαγβ , Rαβγδ = Γαδβ,γ − Γαγβ,δ + ΓκδβΓαγκ − ΓκγβΓαδκ.
in the conventions of [9]. In the presence of a metric we have a contorsion tensor S
defined by
Γαβγ = Γ̂αβγ + Sαβγ
where metric compatibility ∇g = 0 is equivalent to the first of
Sαβγ = 1
2
gαδ(Tδβγ + Tβδγ + Tγδβ), Tαβγ = Sαβγ − Sαγβ
and also implies that the lowered Rαβγδ is antisymmetric in the first pair of indices
(as well as the second). Also note that the lowered index contorsion here obeys
Sαβγ = −Sγβα. In this setup, torsion becomes the relevant field which determines
metric compatible ∇ via S. This set up is slightly more than we strictly needed for
the noncommutative geometry itself as explained in the introduction.
We let ωαβ define the Poisson bracket {f, h} = ωαβ(∂αf)∂βh. This is a bivector
field and it is shown in [9] that ∇ in our full sense is Poisson compatible if and only
if
(2.1) ∇γωαβ + Tαδγωδβ + T βδγωαδ = 0
or equivalently in the Riemannian case that
(2.2) ∇̂γωαβ + Sαδγωδβ + Sβδγωαδ = 0
We also want ω to be a Poisson tensor even though this is not strictly needed at
order λ,
(2.3) ∑
cyclic(α,β,γ)ω
αµωβγ,µ = 0
which given Poisson-compatibility is equivalent [9] to
(2.4) ∑
cyclic(α,β,γ)ω
αµωβνT γµν = 0.
Given the Poisson tensor and (2.1) respectively we quantize the product of functions
with each other and 1-forms by functions,
f ● h = fh + λ
2
{f, h}, f ● η = fη + λ
2
ωabf,a∇bη, η ● f = ηf − λ
2
ωabf,a∇bη
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to order λ, so that
(2.5) [xα, η] = λωαβ∇βη
to order λ in the quantum algebra. It is shown in [9] that we also can quantize the
wedge product of 1-forms and higher,
(2.6) dxα ∧1 dxβ = dxα ∧ dxβ + λ
2
ωγδ∇γdxα ∧∇δdxβ + λHαβ
to order λ. This gives anticommutation relations
(2.7) {dxα,dxβ}1 = λωγδΓαγµΓβδνdxµ ∧ dxν + 2λHαβ .
Here the extra ‘non-functorial’ term needed is given by a family of 2-forms
Hαβ = 1
4
ωαγ(∇γT βνµ − 2Rβνµγ)dxµ ∧ dxν .
The exterior derivative d is taken as undeformed in the underlying vector spaces.
Note that because the products by functions is modified, ⊗1, by which mean the
tensor product over the quantum algebra, taken to order λ, is not the usual tensor
product. It is characterised by
η ⊗1 f ● ζ = η ● f ⊗1 ζ
for all functions f and any η, ζ. The quantum and classical tensor products are
identified by a natural transformation q to order λ, as explained further in [9].
If we denote by A the vector space C∞(M) with this modified product, which
can always be taken to be associative, then ⊗1 means ⊗A, i.e. over this quantum
coordinate algebra.
Next, although not strictly necessary, it is useful to optionally require that the ∇Q
is geometrically well behaved in noncommutative geometry in that its associated
quantum torsion commutes with the quantum product by functions (a ‘bimodule
map’). This is a quantum tensoriality property similar to that which requires
centrality of the quantum metric. We say that such a ∇ is regular, which amounts
to
(2.8) ωαβ∇βT γµν = 0
With or without this simplifying assumption, there is a quantum metric g1 ∈ Ω1 ⊗1
Ω1 to order λ given by
(2.9) g1 = gµνdxµ ⊗1 dxν + λ
2
ωαβΓµακΓ
κ
βνdx
µ ⊗1 dxν + λ
2
Rµνdxµ ⊗1 dxν
and obeying ∧1(g1) = 0 as well as a ‘reality’ property flip(∗⊗∗)g1 = g1. In our case
xµ∗ = xµ since our classical manifold has real coordinates and also acts trivially
on all classical (real) tensor components, while λ∗ = −λ. It’s action on ● is more
nontrivial namely to reverse order while on ∧1 to reverse order with sign according
to the degrees. For the most part this ∗-operation takes care of itself given that
our classical tensors are real, so we will not emphasise it. The first two terms in
(2.9) are the functorial part gQ and the last term is a correction. Here (correcting
an overall sign error in the preprint version of [9, (5.5)])
Rµν = 1
2
gαβω
αγ(∇γT βµν −Rβµνγ +Rβνµγ)
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is antisymmetric and can be viewed as the generalised Ricci 2-form
R = 1
2
Rµνdxν ∧ dxµ = gµνHµν
(note the sign and factor in our conventions for 2-form components). Next we let( , )1 ∶ Ω1⊗1 Ω1 → A be the inverse metric as a bimodule map. We define A-valued
coefficients g1µν , g˜µν by g1 = g1µνdxµ ⊗1 dxν = dxµ ● g˜µν ⊗1 dxν so that
g˜µν = g1µν + λ
2
ωαβΓγαµgγν,β = gµν + λ
2
hµν
to order λ, where we also write hµν for the leading order correction to gµν . Explic-
itly, from (2.9), this gives us
(2.10) hµν =Rµν + ωαβ(ΓµακΓκβν + Γγαµgγν,β) = −hνµ
where we use metric compatibility of ∇ in the form gγν,β = Γγβν + Γνβγ to replace
the second term to more easily verify antisymmetry. We let g˜µν be the A-valued
matrix inverse so that g˜µν g˜
νγ = δγµ = g˜γν g˜νµ then it follows from the bimodule
properties of ( , )1 that
(2.11) (dxµ,dxν)1 = g˜µν = gµν − λ
2
h˜µν
where
h˜µν = gµαgνβhαβ + gµα{gαβ , gβν} =Rµν + ωαβ(ΓµακΓκβγgνγ + Γµαγgνγ,β)=Rµν − ωαβgηζΓµαηΓνβζ = −h˜νµ
and R has indices raised by g. As an application, in bimodule noncommutative
geometry there is a quantum dimension[8] which we can now compute.
Proposition 2.1. In the setting above, the ‘quantum dimension’ to order λ is
dim1 ∶= ( , )1(g1) = dim(M) + λ
2
{gµν , gµν}.
Proof. Given the above results, we have
dim1 = (dxµ ● g˜µν ,dxν)1 = g˜µν ● g˜µν + ([dxµ, gµν],dxν)= dim(M) + λ
2
(hµν − hνµ)gµν + λωαβgµν,αΓµβγgγν= dim(M) − λωαβgµν,αΓνβµ
where the middle term vanishes as gµν is symmetric and we transferred to the
derivative to the inverse metric. We can now use metric compatibility in the form
Γµβν + Γνβµ = gµν,β to obtain the answer. 
Finally, the theory in [9] says that there is a quantum torsion free quantum metric
compatible (or quantum Levi-Civita) connection ∇1 ∶ Ω1 → Ω1 ⊗1 Ω1 to order λ if
and only if
(2.12) ∇̂R + ωαβ gρσ Sσβν(Rρµγα +∇αSργµ)dxγ ⊗ dxµ ∧ dxν = 0
In fact the theory always gives a unique ‘best possible’ ∇1 at this order for which
the symmetric part of ∇1g1 vanishes. This leaves open that ∇1g1 = O(λ), namely
proportional to the left hand side of (2.12). The construction of ∇1 takes the form∇1 = ∇Q + q−1Q(S) + λK
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where the first two terms are functorial and the last term is a further correction.
Translating the formulae in [9] into indices and combining, one has
Lemma 2.2. cf[9] Writing ∇1dxι = −Γ1ιµνdxµ ⊗1 dxν , the construction of [9] can
be written explicitly as
Γ1
ι
µν = Γ̂ιµν + λ
2
ωαβ (Γ̂ιµκ,αΓκβν − Γ̂ικτΓκαµΓτ βν + Γ̂ιακ(Rκνµβ +∇βSκµν)) .
Proof. It is already stated in [9] that
∇Q(dxι) = −(Γιµν + λ
2
ωαβ(Γιµκ,αΓκβν − ΓικτΓκαµΓτ βν − ΓιβκRκνµα))dxµ ⊗1 dxν
Next, we carefully we write the term ωij∇i ○ ∇j(S) in Q(S) in [9, Lemma 3.2] as
curvature plus an extra term involving ∇S and Γ, to give
q−1Q(S)(dxι) = (Sιµν + λ
2
ωαβ(Sιµκ,αΓκβν − SικτΓκαµΓτ βν) + λ
4
Rω(S)ιµν
−λ
2
ωαβΓιακ∇βSκµν)dxµ ⊗1 dxν
where
Rω(S)ιµν = ωαβ (RικαβSκµν −RκµαβSικν −RκναβSιµκ)
is the curvature of ∇ evaluated on the Poisson bivector and acting on the contorsion
tensor S. Finally, we take K given explicitly in [9, Corollary 5.9],
K(dxι) = (1
2
ωαβ(Sιακ∇βSκµν − SιβκRκνµα) − 1
4
Rω(S)ιµν)dxµ ⊗1 dxν
and combine all the terms to give the compact formula stated. 
As a bimodule connection there is also a generalised braiding σ1 ∶ Ω1 ⊗1 Ω1 →
Ω1⊗1Ω1 that expresses the right-handed Leibniz rule for a bimodule left connection,
(2.13) σ1(dxα ⊗1 dxβ) = σQ(dxα ⊗1 dxβ) + λωβµ(∇µS)(dxα)
which comes out as
(2.14)
σ1(dxα⊗1 dxβ) = dxβ ⊗1 dxα +λ (ωµνΓαµγΓβνδ − ωµβ(Rαγδµ + Sαδγ;µ))dxδ ⊗1 dxγ
The bimodule noncommutative geometry also has a natural definition of quantum
Laplacian [8] and we can now compute this
Theorem 2.3. In Poisson-Riemannian geometry the quantum Laplacian to order
λ is ◻1f ∶= ( , )1∇1df = ◻f + λ2ωαβ(Ricγα − Sγ ;α)(∇̂βdf)γ
Proof. Here Ricγα = gγνRβνβα = −Rγνβαgνβ and (∇̂αdf)γ = f,αγ − Γ̂ιαγf,ι as usual.
Let us also note that d is not deformed but can look different, namely write df =(∂˜αf) ● dxα so that
∂˜µ = ∂µ + λ
2
ωαβΓνβµ∂α∂ν
and we similarly write ∇1dxι = −Γ˜1ιµν ● dxµ ⊗1 dxν so that
Γ˜1
ι
µν = Γ1ιµν + λ
2
ωαβΓ̂ινκ,αΓ
κ
βµ = Γ̂ιµν + λ
2
γιµν ,
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say, using symmetry of the last two indices of Γ̂. Then by the bimodule and
derivation properties at the quantum level, we deduce◻1f = ( , )1(d∂˜νf ⊗1 dxν + (∂˜αf) ● ∇1dxα) = (∂˜µ∂˜νf − (∂˜αf) ● Γ˜1αµν) ● g˜µν
We then expand this out to obtain as the classical ◻f and five corrections time λ/2
as follows:
(i) From the deformed product with g˜µν we obtain{∂µ∂νf − (∂αf)Γ̂αµν , gµν}
(ii) From the deformation in g˜µν we obtain−(∂µ∂νf − (∂αf)Γ̂αµν)h˜µν = 0
by the antisymmetry of h˜µν compared to symmetry of Γ̂αµν and of ∂µ∂νf . So there
is no contribution from this aspect at order λ.
(iii) From the deformation in ∂˜µ∂˜νf we obtain
ωαβΓγβµg
µν∂α∂γ∂νf+gµν∂µ(ωαβΓγβν∂α∂γf) = 2ωαβΓγβµgµν∂α∂γ∂νf+gµν(∂α∂γf)∂µ(ωαβΓγβν)
(iv) From the deformation in −∂˜αf ● Γ̂αµν we obtain−ωαβΓγβκgµν Γ̂κµν∂α∂γf − {∂αf, Γ̂αµν}gµν
(v) From the deformation in Γ˜1 and our above formulae for that, we obtain−γιµνgµν∂ιf = −(∂ιf)ωαβ (2Γ̂ιµκ,αΓκβνgµν + Γ̂ιβκRicκα + Γ̂ιακSκ;β)
where Sκ = Sκµνgµν is the ‘contorsion vector field’ and ; is with respect to ∇.
Now, comparing we see that the cubic derivatives of f in (i) and (iii) cancel using
metric compatibility to write a derivative of the metric in terms of Γ. Similarly the
1-derivative term from (i) is −∂ιf times{Γ̂ιµν , gµν} = ωαβΓ̂ιµκ,αgµν,βgηνgκη = −ωαβΓ̂ιµκ,αgµν(Γηβν+Γνβη)gκη = −2ωαβΓ̂ιµκ,αgµνΓκβν
where we inserted gην , turned ∂β onto this and used metric compatibility of ∇. In
the last step we used that Γ̂ is torsion free so symmetric in the last two indices.
The result exactly cancels with a term in (v) giving
◻1f = ◻f + λ
2
(∂ιf)ωαβΓ̂ιαγ (Ricγβ − Sγ ;β) +O(∂2)f
where we have not yet analysed corrections with quadratic derivatives of f . Turning
to these, the remainder of (i) and (iv) contribute−{∂γf, Γ̂γ} − (∂α∂γf)ωαβΓγβκΓ̂κ = −ωαβ(∂α∂γf)Γ̂γ ;β= ωαβ(∂α∂γf)Sγ ;β − (∂α∂γf)gµνωαβΓγµν;β= ωαβ(∂α∂γf)Sγ ;β − (∂α∂γf)gµνωαβ (Γγµν,β + ΓγβκΓκµν − ΓγκνΓκβµ − ΓγµκΓκβν) .
Meanwhile in (iii), we use poisson-compatibility in the direct form[9]
ωαβ,µ = ωβηΓαηµ + ωηαΓβηµ
to obtain (∂α∂γf)gµν (ωαβΓγβν,µ + ωβηΓαηµΓγβν − ωαβΓκβνΓγκµ)
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using gµν symmetric to massage the last term. The middle term vanishes as it is
antisymmetric in α, γ and the remaining two terms together with the above terms
from Γγµν;β combine to give (∂α∂γf)gµνωαβRγνµβ . This gives our 2-derivative
corrections at order λ as
λ
2
(∂α∂γf)ωαβ(Sγ ;β −Ricγβ).
We then combine our results to the expression stated. 
2.2. Quantum Riemann and Ricci curvatures. The quantum Riemann cur-
vature in noncommutative geometry is defined by
(2.15) Riem1 = (d⊗1 id − (∧1 ⊗1 id)(id⊗1 ∇1))∇1
and we start by obtaining an expression for it to semiclassical order in terms of
tensors. It will be convenient to define components by
Riem1(dxα) ∶= −1
2
R̂1
α
βµνdx
µ ∧ dxν ⊗1 dxβ ∶= −1
2
R̃1
α
βµν ● (dxµ ∧ dxν)⊗1 dxβ
R̃1
α
βµν = R̂1αβµν + λ
2
ωδγ (R̂αβην,δΓηγµ + R̂αβµη,δΓηγν)
depending on how the coefficients enter. If we write Γ1 = Γ̂ + λ2 γ̂ then
Riem1(dxα) = (d⊗1 id − (∧1 ⊗1 id)(id⊗1 ∇1))∇1(dxα)= −(d⊗1 id − (∧1 ⊗1 id)(id⊗1 ∇1))Γ1αµβdxµ ⊗1 dxβ= − (Γ1αµβ,νdxν ∧ dxµ ⊗1 dxβ + (Γ1αµγdxµ) ∧1 (Γ1γνβdxν)⊗1 dxβ)= − (Γ̂ανβ,µdxµ ∧ dxν ⊗1 dxβ + (Γ̂αµγdxµ) ∧1 (Γ̂γνβdxν)⊗1 dxβ)+λ
2
(γ̂αµβ,ν + Γ̂ανγ γ̂γµβ − γ̂αµγΓ̂γνβ)dxµ ∧ dxν ⊗1 dxβ
= −1
2
R̂αβµνdx
µ ∧ dxν ⊗1 dxβ + λ
2
γ̂αµβ ;ˆνdx
µ ∧ dxν ⊗1 dxβ
−λ
2
ωηζ∇η (Γ̂αµγdxµ) ∧∇ζ (Γ̂γνβdxν)⊗1 dxβ−λΓ̂αµγΓ̂γνβHµν ⊗1 dxβ(2.16)
to O(λ2), where ;ˆ is with respect to the Levi-Civita connection. The term γ̂αγβΓ̂γνµ
does not contribute due to the antisymmetry of the wedge product. This implies
for the components
R̂1
α
βµν = R̂αβµν + λ(1
2
(γ̂ανβ ;ˆµ − γ̂αµβ ;ˆν) + ωηζ(Γ̂αµγ,η − Γ̂ακγΓκηµ)(Γ̂γνβ,ζ − Γ̂γκβΓκζν)
+ωηκ
2
Γ̂αηγΓ̂
γ
ζβ(Rζµνκ −Rζνµκ − T ζµν;κ))
where we inserted a previous formula for H in terms of the curvature and torsion
of ∇. One can similarly read off γ̂ from the quantum Levi-Civita connection in
Lemma 2.2.
Next, following [8], we consider the classical map i ∶ Ω2 → Ω1 ⊗ Ω1 that sends a
2-form to an antisymmetric 1-1 form in the obvious way.
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Proposition 2.4. The map i quantises to a bimodule map such that ∧1i1 = id to
O(λ2) by
i1(dxµ ∧ dxν) = 1
2
(dxµ ⊗1 dxν − dxν ⊗1 dxµ) + λI(dxµ ∧ dxν)
for any tensor map I(dxµ ∧ dxν) = Iµναβdxα ⊗ dxβ where the tensor I is antisym-
metric in µ, ν and symmetric in α,β. The functorial choice here is
Iµναβ = −1
4
ωκτ(ΓµκαΓντβ + ΓµταΓνκβ).
Proof. The functorial construction in [9] gives iQ ∶ Ω2 → Ω1⊗1 Ω1 necessarily obey-
ing ∧QiQ = id. Here ∇(i) = 0 since the connection on Ω2 is descended from the
connection on Ω1 ⊗ Ω1 so that iQ = q−1i on identifying the vector spaces. This
gives the expression stated for the canonical I and this also works for ∧1 since this
on 1
2
(dxµ ⊗1 dxν − dxν ⊗1 dxµ) differs from ∧Q by λ2 (Hµν −Hνµ) = 0. Finally, if
we change the canonical I to any other tensor with the same symmetries then its
wedge is not changed and we preserve all required properties. Note that canonical
choice can also be written as
(2.17)
i1(dxµ∧1 dxν) = 1
2
(dxµ⊗1 dxν −dxν ⊗1 dxµ)− λ
2
ωαβΓµακΓ
ν
βτdx
τ ⊗1 dxκ+λi(Hµν)
when we allow for the relations of ∧1. 
Now we can follow [8] and use i1 to lift the first output of Riem1 and take a trace
of this to compute the quantum Ricci tensor. To take the trace it is convenient,
but not necessary, to use the quantum metric and its inverse, so
(2.18) Ricci1 = (( , )1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(id⊗1 Riem1)(g1)
We now calculate Ricci1 from (2.18) taking first the ‘classical’ antisymmetric lift
i1(dxµ ∧ dxν) = 1
2
(dxµ ⊗1 dxν − dxν ⊗1 dxµ)
corresponding to I = 0. Then using the second form of the components of Riem1,
Ricci1 = (( , )1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(id⊗1 Riem1)(g1)= −1
2
(( , )1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(dxα ● g˜αβ ⊗1 R̃1βγµν ● (dxµ ∧ dxν)⊗1 dxγ)
= −1
2
(( , )1 ⊗1 id⊗1 ⊗id)(dxα ⊗1 g˜αβ ● R̃1βγµν ● i1(dxµ ∧ dxν)⊗1 dxγ)
= −1
2
(dxα, g˜αβ ● R̃1βγµν ● dxµ)1 ● dxν ⊗1 dxγ
= −1
2
g˜αµ ● g˜αβ ● R̃1βγµν ● dxν ⊗1 dxγ − 1
2
(dxα, [R̂αγµν ,dxµ])dxν ⊗1 dxγ
In the fourth line we used the fact that the Riemann tensor is already antisymmetric
in µ and ν. Note that g˜αµ ● g˜αβ = (g˜µα + λh˜µα) ● g˜αβ = δµβ + λh˜µβ to O(λ2) where
we lower an index using the classical metric. Meanwhile, putting in general I adds
a term −λ
2
R̂αγµν(( , )⊗ id⊗⊗id)(dxα ⊗1 I(dxµ ∧ dxν)⊗1 dxγ)
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and we therefore obtain
Ricci1 = −1
2
R̃1
µ
γµν ● dxν ⊗1 dxγ − λ
2
(h˜µβR̂βγµν − ωηζgαβR̂αγµν,ηΓµζβ)dxν ⊗1 dxγ
−λ
2
R̂αγηζI
ηζ
ανdx
ν ⊗1 dxγ(2.19)
The idea of [8] is then to use the freedom in I to arrange that∧1(Ricci1) = 0, flip(∗ ⊗ ∗)Ricci1 = Ricci1
to order λ so that Ricci1 enjoys the same quantum symmetry and ‘reality’ properties
(to order λ) as g1. (A further ‘reality’ condition on the map i1 in [8] just amounts
in our case to the entries of the tensor I being real.) If we write components
Ricci1 ∶= −1
2
R̃1µν ● dxν ⊗1 dxµ = −1
2
dxν ● R̃1νµ ⊗1 dxµ
then (2.19) is equivalent to
(2.20) R̃1µν = R̃1αµαν + λ (h˜αβR̂βµαν − ωηζgαβR̂αµκν,ηΓκζβ + R̂αµηζIηζαν)
and
R̃1νµ = R̃1µν − λωαβR̂µδ,αΓδβν
respectively, where R̂µν is the classical Ricci tensor. This second version is useful
for the quantum reality condition, which says that if we write R̃1µν = R̂µν + λρµν
then the quantum correction ρµν is required to be antisymmetric. Remember that
this will have contributions from R̃1 as well as the terms directly visible in (2.20).
We then define the quantum Ricci scaler as
(2.21) S1 = ( , )1Ricci1 = −1
2
R̃1µν ● g˜νµ
which does not depend on the lifting tensor I due to the antisymmetry of the
first two indices of R̂. There does not appear to be a completely canonical choice
of Ricci in noncommutative geometry as it depends on the choice of lifting for
which we have not done a general analysis, but this constructive approach allows
us to begin to explore it. The reader should note that the natural conventions
in our context reduce in the classical limit to − 1
2
of the usual Riemann and Ricci
curvatures, which we have handled by putting this factor into the definition of the
tensor components so that these all have limits that match standard conventions.
2.3. Laplacian in the bicrossproduct model. As a check of all our formulae
above we will compare our analysis with the bicrossproduct model [8] where the non-
commutative geometry has been fully computed. The 2D version has coordinates
t, r with r invertible and Poisson bracket {r, t} = r or ω10 = r in the coordinate basis.
The work [8] used r rather than x as this is also the radial geometry of a higher-
dimensional model. The Poisson-compatible ‘quantising’ connection is given by
Γ001 = −r−1,Γ010 = r−1 or in abstract terms ∇dr = 0 and ∇dt = r−1(dt⊗dr−dr⊗dt).
Letting v = rdt−tdr, we have ∇dr = ∇v = 0 so a pair of central 1-forms v,dr at least
at first order. We take classical metric g = dr⊗dr + bv⊗ v where b is a nonzero real
parameter which clearly has inverse (dr,dr) = 1, (v, v) = b−1, (dr, v) = (v,dr) = 0.
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The classical Riemannian geometry is that of either a strongly gravitating parti-
cle or an expanding universe as explained in [8] according to the sign of b. The
Levi-Civita connection is
∇̂v = −2v
r
⊗ dr, ∇̂dr = 2bv
r
⊗ v
This model has trivial curvature of ∇ but in other respects is a good test of our
formulae with nontrivial torsion and contorsion and curvature of the Levi-Civita
connection. The contorsion tensor can be written[8]
Sκαβ = 2bαµxµβνgκν , Sµ = 2xµ
r2
where x0 = t and x1 = r and 01 = 1 is antisymmetric. We write
df = f,rdr + f,tdt = (∂rf)dr + (∂vf)v; ∂vf = 1
r
f,t, ∂rf = f,r + t
r
f,t
Then
◻f = ( , )∇̂df = ( , )((∂rf)∇̂dr + (∂vf)∇̂v + d∂rf ⊗ dr + d∂vf ⊗ v)= 2
r
(∂rf) + ∂2rf + b−1∂2vf
is the classical Laplacian.
Now we repeat the same computation working in the quantum algebra. We let
ν = r ● dt − t ● dr = v + λ
2
dr and the (full) quantum metric, inverse quantum metric
and quantum Levi-Civita connection in [8] are
g1 = (1 + bλ2)dr ⊗1 dr + bν ⊗1 ν − bλν ⊗1 dr
(ν, ν)1 = b−1, (dr, ν)1 = 0, (ν,dr)1 = λ
1 + bλ2 , (dr,dr)1 = 11 + bλ2
∇1dr = 8b
r(4 + 7bλ2)v ⊗1 ν − 12bλr(4 + 7bλ2)v ⊗1 dr
∇1ν = − 4bλ
r(4 + 7bλ2)v ⊗1 ν − 8(1 + bλ2))r(4 + 7bλ2)v ⊗1 dr
(there is a typo in the coefficient of β′ in [8]). Next note that because ∇v = ∇dr = 0,
we do not have any corrections to the products of anything with these basic 1-forms
and this allows us to equally well write
df = (∂rf) ● dr + (∂vf) ● v
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with the classical derivatives if we use this basis. Then working to O(λ) for the
quantum connection (which agrees with the one found in [9, Prop 7.1]),◻1f = ( , )1∇1df = ( , )1((∂rf) ● ∇1dr + (∂vf) ● ∇1v + d∂rf ⊗1 dr + d∂vf ⊗1 v)= ( , )1((∂rf) ● 2b
r
v ⊗1 v − (∂rf) ● 2bλ
r
v ⊗1 dr − (∂vf) ● 2
r
v ⊗1 dr − (∂vf) ● 2bλ
r
v ⊗1 v+(∂2rf)dr ⊗1 dr + (∂v∂rf)v ⊗1 dr + (∂r∂vf)dr ⊗1 v + (∂2vf)v ⊗1 v)= (∂rf)2b
r
b−1 + λ
2
∂v∂rf2bb
−1 − (∂vf)2
r
λ
2
− (∂vf)2bλ
r
b−1
+(∂2rf) + (∂v∂rf)λ2 − (∂r∂vf)λ2 + (∂2vf)b−1= ◻f + λ(−3
r
∂vf + 1
2
[∂v, ∂r]f + ∂v∂rf)
= ◻f + λ(1
r
∂
∂t
∂
∂r
f + t
r2
∂2
∂t2
f − 1
r2
∂
∂t
f)
where we used h ● r−1 = hr−1 + λ
2
∂vh for any function h and, to O(λ),
(v, v)1 = b−1, (dr, v)1 = −λ
2
, (v,dr)1 = λ
2
, (dr,dr)1 = 1.
Now we compare these results with the general theory of Section 2.1. Working now
in the t, r coordinate basis, the metric tensor is
gµν = ( br2 −brt−brt 1 + bt2) , gµν = ( 1+bt2br2 trt
r
1
)
which givesR10 = br and henceR =R10dt∧dr = bv∧dr as in [9, Sec 7.1]. Meanwhile
expanding g1 to O(λ) we have
g1 = dr ⊗1 dr + bv ⊗1 v + bλ
2
(dr ⊗1 v − v ⊗1 dr)
= gµνdxµ ⊗1 dxν + bλ
2
dr ⊗1 v − λbv ⊗1 dr
= gµνdxµ ⊗1 dxν + λ
2
btdr ⊗1 dr + λ
2
brdr ⊗1 dt − λbrdt⊗1 dr
= gµνdxµ ⊗1 dxν + λ
2
R01(dt⊗1 dr − dr ⊗1 dt) + λ
2
ω10gµ0Γ
0
10Γ
0
01dx
µ ⊗1 dr
which is exactly the content of (2.9). We used rdt = r ● dt − λ
2
dr to move all
coefficients to the left in order to compare. We can do a similar trick with rdt =(dt) ● r + λ
2
dr to put the coefficients in the middle, giving
g1 = dr⊗1dr+b(dt)●r2⊗1dt+b(dr)●t2⊗1dr−b(dr)●t●r⊗1dt−b(dt)●r●t⊗1dr+bλ(dr⊗1v−v⊗1dr)
giving
g˜µν = gµν + λ
2
( 0 −3br
3br 0
) .
Comparing with the formula (2.10), we have
h01 =R01 + g00ω10Γ010Γ001 + ω10Γ010g01,0 = −3br
and similarly h10 = 3br, exactly as required.
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We now similarly check the formula (2.2) for Γ1. The classical Levi-Civita here is[8,
Appendix]
Γ̂0µν = ( −2bt r−1(1 + 2bt2)r−1(1 + 2bt2) −2r−2t(1 + bt2)) , Γ̂1µν = (−2br 2bt2bt −2br−1t2)
Working to O(λ), the quantum connection from [9, Prop 7.1] is
∇1dr = 2b
r
(v ⊗1 v − λv ⊗1 dr)
= 2b
r
v ⊗1 (r ● dt − t ● dr − λ
2
dr) − λ2b
r
v ⊗1 dr
= 2bv ⊗1 dt − 2bv(r−1 ● t)⊗1 dr − λ3b
r
v ⊗1 dr= −Γ̂1µνdxµ ⊗1 dxν − 2λb(dt − r−1tdr)⊗1 dr
similarly to the computation of v ⊗1 v as above, which agrees with the correction
in Γ1
1
µν of
λ
2
ωαβΓ̂1µ0,αΓ
0
βν − λ
2
ωαβΓ̂100Γ
0
αµΓ
0
βν − λ
2
ω01S10κ∇1Sκµν
= −λ
2
Γ̂1µ0,ν − λbµν − λ
2
rΓ̂10κ∇1Sκµν = 2λb(0 10 −r−1t)
in Lemma 2.2. Here
∇1S0µν = ⎛⎝− 2btr 2(1+bt
2)
r2
2bt2
r2
− 2t(1+bt2)
r3
⎞⎠ , ∇1S1µν = (−2b 2btr2btr − 2bt2r2 )
where ∇1 in this context means with respect to r. Similarly, the semiquantum
connection ∇1v = − 2r (v ⊗1 dr + bλv ⊗1 v) implies
∇1dt =∇1(r−1 ● v + (r−1t) ● dr) = dr−1 ⊗1 v + d(r−1t)⊗1 dr + r−1 ● ∇1v + (r−1t) ● ∇1dr= −r−2dr ⊗1 (r ● dt − t ● dr − λ
2
dr) − r−2tdr ⊗1 dr + r−1dt⊗1 dr−2r−2(v ⊗1 dr + bλv ⊗1 v) + 2b(r−1t) ● r−1(v ⊗1 v − λv ⊗1 dr)= −r−1dr ⊗1 dt + (r−2 ● t)dr ⊗1 dr + λ
2
r−2dr ⊗1 dr − r−2tdr ⊗1 dr + r−1dt⊗1 dr
−2r−2v ⊗1 dr − λbr−2v ⊗1 v + 2br−2tv ⊗1 (r ● dt − t ● dr − λ
2
dr) − λ2br−2tv ⊗1 dr
= −r−1dr ⊗1 dt + r−2tdr ⊗1 dr − λ
2
r−2dr ⊗1 dr − r−2tdr ⊗1 dr + r−1dt⊗1 dr−2r−2v ⊗1 dr − λbr−2v ⊗1 v + 2b(r−2t) ● rv ⊗1 dt − 2b(r−2t) ● tv ⊗1 dr − λ3br−2tv ⊗1 dr= −Γ̂0µνdxµ ⊗1 dxν − λ
2
r−2dr ⊗1 dr − λbr−2v ⊗1 v − λbr−1v ⊗1 dt − λbr−2tv ⊗1 dr
= −Γ̂0µνdxµ ⊗1 dxν − λ
2
r−2dr ⊗1 dr − 2λb(dt − r−1tdr)⊗1 dt
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which agrees with the correction to Γ1
0
µν of
λ
2
ωαβΓ̂0µ0,αΓ
0
βν − λ
2
ωαβΓ̂000Γ
0
αµΓ
0
βν − λ
2
ω01S00κ∇1Sκµν
= −λ
2
Γ̂0µ0,ν − λbr−1tµν − λ
2
rΓ̂00κ∇1Sκµν = λ( 2b 0− 2bt
r
1
2r2
)
in Lemma 2.2.
Finally, the contracted contorsion tensor obeys
Sµ;0 = 0, Sµ;1 = −2xµ
r3
while the curvature of ∇ vanishes. Hence the Laplacian in Theorem 2.3 is
◻1f = ◻f + λ
2
ω10(−Sµ;1)(∇̂0df)µ = ◻f + λ
r2
xµ(∇̂0df)µ
which when expanded out using the values of Γ0µν agrees with our previous algebraic
computation from within the noncommutative geometry in [8]. This both checks
all of our tensor formulae in a coordinate basis and shows how to change quantum
variables given that the noncommutative algebra was all done with v,dr.
When b < 0 the interpretation is that of a strong gravitational source and curvature
singularity at r = 0. Being conformaly flat after a change of variables to r′ = 1/r, t′ =
t/r the massless waves or zero eigenfunctions of the classical Laplacian are plane
waves in t′, r′ space of the form eıωt′e± ıωr′√−b or
ψ±ω(t, r) = eıωtr e±ı ωr√−b
while the massive modes are harder to describe due to the conformal factor. One
can similarly solve the expanding universe case where b > 0 and the interpretation
of the r, t variables is swapped. In the deformed case the same change of variables
and separating off ψ = eıωt′f gives an equation for null modes
( ∂2
∂r′2 + λPω ( 2r′ + ∂∂r′ ) − ω2b ) f = 0
where λ = ıλP , which is solved by
f = r′e− 12ωr′⎛⎝λP+ ı
√
bλ2
P
+4√−b ⎞⎠ ⎛⎝AM(1 − ı
√−bλP√
bλ2P + 4 ,2, ı
√
bλ2P + 4 ωr′√−b)
+BU(1 − ı√−bλP√
bλ2P + 4 ,2, ı
√
bλ2P + 4 ωr′√−b)⎞⎠
for constants A and B. M(a, b, z) and U(a, b, z) denote the Kummer M and U
functions (or hypergeometric 1F1, U respectively in Mathematica). In the limit
λP → 0, this becomes
f = ı
2
√−bA
ω
e
ı ωr
′√−b + ı
2
√−b(B −A)
ω
e
−ı ωr′√−b
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which means we recover our two independent solutions ψ±ω as a check. Bearing in
mind that our equations are only justified to order λ, we can equally well write
ψω(t, r) = eıωtr
r
e
−ı ω
r
√−b(1− ı√−bλP2 ) (AM(1 − ı√−bλP
2
,2, ı
2ω
r
√−b) +BU(1 − ı
√−bλP
2
,2, ı
2ω
r
√−b))
and proceed to analyse the behaviour for small λP in terms of integral formulae.
Thus
M(1−a,2, z) = 1
Γ(1 − a)Γ(1 + a) ∫ 10 ezu(1 − uu )adu = ∫ 10 ezu(1+a ln(1 − uu ))du+O(a2)
which we evaluate for z = 2ıs and s real in terms of the function
τM(s) = ıM (1,0,0)(1,2,2ıs)
M(1,2,2ıs) = ∫
1
0 e
2ısu ln( 1−u
u
)du
ı ∫ 10 e2ısudu
shown in Figure 1. This function in the principal region (containing s = 0) is
qualitatively identical to the trig function −2 tan(s/2) but blows up slightly more
slowly as s→ ±pi. This gives us M(1−a,2,2ıs) = 1
2ıs
(e2is − 1)(1+aıτM(s))+O(a2)
and hence with a = ı√−bλP
2
and s = ω
r
√−b , we have up to normalisation
ψMω (t, r) = eıωtr sin( ω
r
√−b)e− ω2rλP (1+ rω√−bτM ( ωr√−b )) +O(λ2P ), ∣r∣ > ∣ω∣pi√−b
as one of our independent solutions. Notice that for λP ≠ 0 our solution blows up
and our approximations break down as r approaches a certain minimum distance as
shown to the classical Ricci singularity at r = 0, depending on the frequency. This
is a geometric ‘horizon’ of some sort (with scale controlled by
√−b) but frequency
dependent, and very different effect from the usual Planck scale bound ∣r∣ >> ∣ω∣λP
needed in any case for our general analysis. Meanwhile for large ∣r∣, the effective
λP is suppressed as τ
′
M(0) = −1.
For the other mode, the similar integral
U(1 − a,2, z) = 1
Γ(1 − a) ∫ ∞0 e−zu(1 + uu )adu
is not directly applicable as it is not valid on the imaginary axis but we can still
proceed in a similar way for the other mode by defining
τU(s) = ıU (1,0,0)(1,2,2ıs)
U(1,2,2ıs) = T (s) + ıS(s)
where the real function T (s) resembles pi
2
tanh(s) (but is vertical at the origin)
and S(s) resembles − ln(e−γ + 2∣s∣) as also shown in Figure 1, where γ ≈ 0.577 is
the Euler constant. Then U(1 − a,2,2ıs) = 1
2ıs
(1 + aıτU(s)) + O(a2) giving up to
normalisation
ψUω (t, r) = eıωtr e−ı ωr√−b e− ω2rλP (1+ rω√−bτU ( ωr√−b )) +O(λ2P )
as a second solution. This still has our general Planck scale lower bound needed
for the general analysis but no specific geometric bound at finite radius as τU does
not blow up and moreover has only a mild log divergence as s→∞ or r → 0. There
is no particular suppression of λP as s → 0 or r → ∞ and indeed τU tends to a
constant nonzero imaginary value (the meaning of which is unclear as it can be
absorbed in a normalisation).
18 CHRISTOPHER FRITZ & SHAHN MAJID
-10 -5 5 10
-1.5
-1.0
-0.5
0.5
1.0
1.5
-6 -4 -2 2 4 6
-15
-10
-5
5
10
15
-4 -2 2 4
-2.5
-2.0
-1.5
-1.0
-0.5
0.5
⌧M
⌧U = T + ıS
Figure 1. Functions τM and τU related to differentials of Kummer
M(1−a,2,2ıs) and U(1−a,2,2ıs) at a = 0 and similar to tan, tanh
and a shifted ln (shown dashed for reference)
Both of our solutions have been exhibited as deviations from the classical solutions
and consequently there can reasonably be expected to be physical predictions in the
form of a likely change to the group velocity along the lines of [1] and of gravitational
redshift along the lines of [17]. The details of such effects remain to be computed
for our curved metric but we have indicated some relevant qualitative features of
the modes.
In this model we can in fact write down the full quantum Laplacian in noncommu-
tative geometry in the setting of [8]. This is not our topic here so we will be brief.
Writing
df = (∂rf) ● dr + ∂vf ● ν
where ∂r, ∂v are now quantised versions of the ones before and are derivations of
the noncommutative algebra since dr, v are central. They obey
∂vf(r) = 0, ∂vf(t) = r−1 ● ∂0f, ∂rf(r) = f ′, ∂rf(t) = −r−1 ● t∂0f
as easily found using the derivation rule, the values on r, t and the relations t●r−1 =
r−1 ● (t+ λ) in the algebra. Here ∂0f(t) = λ−1(f(t+ λ)− f(t)) is a finite difference.
Then for any f in the algebra, one can compute ( , )1∇1df using the full expressions
above to obtain
◻1f = (8 − 6bλ2)∂rf − λ(8 + 4bλ2)∂vf
4 + 7bλ2 ● r−1 + ∂2rf + λ∂v∂rf1 + bλ2 + b−1∂2vf
for ∇1 the quantum Levi-Civita connection stated above for this model.
The work [8] already contained the full quantum Ricci as proportional to the quan-
tum metric. The first ingredient for this is the quantum Riemann tensor in [8] and
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expanding this gives
Riem1(dr) = −2b 1
r2
● ν ∧1 dr ⊗1 (r ● dt − t ● dr) + 7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧1 dr ⊗1 dt + 2b 1
r2
● t ● r ● (dt ∧1 dr)⊗1 dr + 7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧ dr ⊗1 dt + 2b( t
r
+ λ
2r2
{t, r} + λ
2
{ 1
r2
, t}r) ● (dt ∧ dr)⊗1 dr + 7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧ dr ⊗1 dt + 2b( t
r
) ● (dt ∧ dr)⊗1 dr + 4bλ
r
dt ∧ dr ⊗ dr
= −1
2
R̂1βµνdx
µ ∧ dxν ⊗1 dxβ + 5λb
r
dt ∧ dr ⊗1 dr +O(λ2).
where we use ν,dr central for the second equality, then dt ∧1 dr = dt ∧ dr and∇1(dt ∧ dr) = −r−1dt ∧ dr. There is a similar formula for Riem1(dt) obtained from
Riem1(ν) = r ●Riem1(dt) − t ●Riem1(dr) given in [8] and expanding. The result is
Riem1(dxα) = −1
2
R̂αβµνdx
µ ∧ dxν ⊗1 dxβ + 5bλ
r
dt ∧ dr ⊗1 dxα
and agrees with direct computation (using Maple) from the tensorial formula (2.16),
which provides a rather non-trivial check of that.
Next the lifting map i1 was given by the method in [8] uniquely (by the time the
reality property is included) as,
i1(ν ∧1 dr) = 1
2
(ν ⊗1 dr − dr ⊗1 ν) + 7λ
4
g1 +O(λ2)
according to the order λ part of the full calculation in [8, Sec 6.2.1] (the 9/4 in
[8, eqn (5.21)] was an error and should be 7/4). This is equivalent at semiclassical
order to
i1(dt ∧ dr) = 1
2
(dt⊗1 dr − dr ⊗1 dt) + 7λ
4r
g
where dt ∧1 dr = dt ∧ dr since ∇dr = 0 and only H00 is non-zero. The first term is
the functorial term and the second term is λI(dt ∧ dr). It was then shown in [8]
that Ricci1 = g1/r2. Expanding the quantum metric from [8] as recalled above, the
quantum Ricci is to O(λ2),
Ricci1 = 1
r2
● (dr ⊗1 dr + br ● ν ⊗1 dt − bt ● ν ⊗1 dr − bλν ⊗1 dr)
= 1
r2
dr ⊗1 dr + b
r
(v + λ
2
dr)⊗1 dt − ( b
r2
● t)(v + λ
2
dr)⊗1 dr − b
r2
λv ⊗1 dr
= −1
2
R̂µνdx
µ ⊗1 dxν − λ
2
bt
r2
dr ⊗1 dr + λ
2
b
r
dr ⊗1 dt = −1
2
R̂µνdx
µ ⊗1 dxν + λ
2
b
r2
dr ⊗1 v +O(λ2).
where for the second equality uses ∇dr = ∇v = 0 so that bullet products with these
are classical products. For the third equality we used { 1
r2
, t} = − 2
r2
from the ●
which cancels the last term. We obtain exactly this answer by direct calculation
from (2.19) as a nontrivial check on our new general formulae.
2.4. Laplacian in the 2D Bertotti-Robinson model. By way of contrast we
note that the bicrossproduct spacetime algebra has an alternative differential struc-
ture for which the full quantum geometry was also already solved, in [19]. We
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have the same Poisson bracket as above but this time the zero curvature ‘quan-
tising’ connection ∇dr = 1
r
dr ⊗ dr, ∇dt = −α
r
dt or non-zero Christoffel sysm-
bols Γ111 = −r−1 and Γ010 = αr−1 and the de Sitter metric in the form g =
ar−2dr⊗dr+ brα−1(dr⊗dt+dr⊗dr)+cr2αdt⊗dt where only the nonzero combina-
tion δ¯ = cα2/(b2 −ac) of parameters is relevant up coordinate transformations. One
can easily compute the classical Levi-Civita connection in these coordinates as
Γ̂000 = − bcαrα
b2 − ac , Γ̂010 = − acαr(b2 − ac) , Γ̂011 = −baαr−α−2b2 − ac
Γ̂100 = c2αr1+2α
b2 − ac , Γ̂110 = bcαrαb2 − ac , Γ̂111 = −b2(1 − α) + acr(b2 − ac)
Combing this with the ‘quantising’ connection yields the contorsion tensor
S000 = −S101 = −S110 = bcαrαb2 − ac , S010 = −S111 = S001 + αr = b2αb2 − ac
S011 = baαr−α−2
b2 − ac , S100 = −c2αr1+2αb2 − ac
From here we compute Sµ = α
b2−ac(br−α,−cr) for the t, r components giving ∇νSµ =
0 so that in conjunction with flatness of ∇, Theorem 2.3 shows that there is no
order λ correction to the Laplace operator.
We can also find the geometric quantum Laplacian to all orders directly from the
full quantum geometry at least after a convenient but non-algebraic coordinate
transformation in [19]. If we allow this then the model has generators R,T with
the only non-zero commutation relations [T,R] = λ′, [R,dR] = λ′√δ¯dR where
λ′ = λ√b2 − ac and the quantum metric and quantum Levi-Civita connection[19]
g1 = dR ● e2T√δ¯ ⊗1 dR − dT ⊗1 dT,
∇1dT = −√δ¯e2T√δ¯ ● dR⊗1 dR, ∇1dR = −√δ¯(dR⊗1 dT + dT ⊗1 dR),
which immediately gives us
(dR,dR)1 = e−2T√δ¯, (dT,dT )1 = −1, ◻1T = ( , )∇1dT = −√δ¯, ◻1R = 0.
Finally, for a general normal-ordered function f(T,R) with T ′s to the left, we have
df = ∂f
∂T
● dT + ∂1f ● dR; ∂1f(R) = f(R) − f(R − λ′√δ¯)
λ′√δ¯
due to the standard form of the commutation relations. With these ingredients and
following exactly the same method as above, we have
◻1f = ( , )1∇1(df) = −√δ¯ ∂f
∂T
− ∂2f
∂T 2
+ (∂1)2f ● e−2T√δ¯ = ◻f +O(λ2)
when we expand ∂1 = ∂
∂R
− λ′√δ¯
2
∂2
∂R2
+O(λ2) and write the bullet as classical plus
Poisson bracket. This confirms what we found from Theorem 2.3. We can also use
identities from quantum mechanics applied to R,T in our case to further write
◻1f = −√δ¯ ∂f
∂T
− ∂2f
∂T 2
+ e−2T√δ¯ ●∆1f
NONCOMMUTATIVE SPHERICALLY SYMMETRIC SPACETIMES 21
where
∆1f(R) = f(R + 2λ′√δ¯) − 2f(R − λ′√δ¯) + f(R)(λ′√δ¯)2 .
We see that the quantum Laplacian working in the quantum algebra with normal-
ordered quantum wave functions has exactly the classical form except that the
derivative in the R direction is a finite difference one. It is also clear that we
have eigenfunctions ψ(T,R) = eıωT eıkR. All if this is an identical situation to the
standard Minkowski spacetime bicrossproduct model in [1] except that there time
became a finite difference and there was no actual quantum geometry. Like there,
one could claim that there is an order λ correction provided classical fields are iden-
tified with normal ordered ones, but from the point of view of Poisson-Riemannian
geometry this is an artefact of such an assumption (the Poisson geometry being
closer to Weyl ordering). We have focussed on the 2D case but the same conclusion
holds for the Bertotti-Robinson quantum metric on Sn−1 × dS2 in [19] keeping the
angular coordinates to the left along with T ; then only the double R-derivative
deforms namely to ∆1 on normal-ordered functions. The work [19] were already
obtained the quantum Ricci and scaler curvatures which have the same form as
classically (normal ordered in the former case).
2.5. Fuzzy nonassociative sphere revisited. The case of the sphere in Poisson-
Riemannian geometry is covered in [9] mainly in very explicit cartesian coordinates
where we broke the rotational symmetry. However, the results are fully rotationally
invariant as is more evident if we work with zi, i = 1,2,3 and the relation ∑i zi2 = 1.
We took ∇ = ∇̂ (the Levi-Civita connection) so S = 0, and ω the inverse of the
canonical volume 2-form on the unit sphere. Then the results of [9] give us a
particular ‘fuzzy sphere’ differential calculus[zi, zj]● = λijkzk, [zi,dzj]● = λzjimnzmdzn.
to order λ. These are initially valid for i = 1,2 but must hold in this form for
i = 1,2,3 by rotational symmetry of both the Poisson bracket and the Levi-Civita
connection. One also finds from the algebra that zm ●dzm = 0 (sum over m = 1,2,3)
at order λ on differentiating the radius 1 relation. Here Ω1 is a projective module
with dzi as a redundant set of generators and a relation. We also have degree 1
relations {dzi,dzj}● = λ(3zizj − δij)Vol
to order λ as derived in [9] for i = 1,2 and which then holds for i = 1,2,3. This
can also be derived by applying d to the bimodule relations and using dzi ∧ dzj =
ijkz
kVol at the classical level on the unit sphere. We will also use the antisymmetric
lift Ṽol = 1
2
(z3)−1(dz1 ⊗ dz2 − dz2 ⊗ dz1) at the classical level. The classical sphere
metric gµν is given in [9] in the z
1, z2 coordinates but we can also write it as
g = 3∑
i=1 dzi ⊗ dzi
Similarly, the inverse metric and metric inner product are
gµν = δµν − zµzν , (dzi,dzj) = δij − zizj
for µ, ν = 1,2, which extends as the second equality for i, j = 1,2,3. The sphere is
a 2-dimensional manifold so only two of the zi are independent in any coordinate
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patch but the expressions themselves are rotationally invariant when expressed in
terms of all three.
The work [9] also computes the quantum metric and quantum Levi-Civita connec-
tion at order λ. We have
g1 =gµνdzµ ⊗1 dzν − λ
2(z3)2 dz3 ⊗1 3ijzidzj + λṼol=gµνdzµ ⊗1 dzν + λ
2(z3)2 3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
∇1dzµ = ∇Qdzµ = −zµ ● g1 = −Γ̂µαβdzα ⊗1 dzβ − λzµṼol + λ
2
(dz3 ⊗1 (µβgβγ + zµzβ(z3)2 βγ)dzγ)
= −Γ̂µαβdzα ⊗1 dzβ − λ
2(z3)2 (3ijzµz3dzi ⊗1 dzj − µν3dz3 ⊗1 dzν)
where we massaged the formulae in [9]. The classical Christoffel symbols are Γ̂µαβ =
zµgαβ .
If we work with coefficients g˜ij in the middle for the metric then the given quantum
metric corresponds to the correction term
h = (2 − (z3)2)(z3)3 3ijdzi ⊗1 dzj = 2(2 − (z3)2)(z3)2 Ṽol
which we see is antisymmetric. For the corresponding inverse metric we get from
(2.11) that (dzi,dzj)1 = gij + λ
2
ijkz
k
to order λ when i, j = 1,2 but which extends to i, j = 1,2,3 with gij = δij − zizj .
For the connection it is a nice check that the formula in Lemma 2.2 gives the same
answer for ∇1. Then we can calculate the quantum Riemann tensor from (2.15) or
directly from the above formulae for ∇1.
Riem1(dzα) = (d⊗1 id − (∧1 ⊗1 id)(id⊗1 ∇1))∇1(dzα)= − (d(Γ1αµβ) ∧ dzµ ⊗1 dzβ + Γ1αµγdzµ ∧1 Γ1γνβdzν ⊗1 dzβ)
which can be broken down into three terms as follows
(i) The first term gives
d(Γ1αµβ) ∧ dzµ ⊗1 dzβ = −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ
2
∂µ (zα
z3
) 3νβdzµ ∧ dzν ⊗1 dzβ
= −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ
2(z3)2 3νβ (z3dzα − zαdz3) ∧ dzν ⊗1 dzβ= −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ
2z3
(z3Vol⊗1 dzα − zαVol⊗1 dz3)
The last step comes from expanding the expression in the previous line and simpli-
fying, this will prove useful in comparing to the other terms.
(ii) Expanding ∧1 gives a further two terms at O(λ). But first, using the formula
for the classical Christoffel symbols and metric compatibility note that∇αΓ̂ιµνdzν = ∇αzιgµνdzν = (διαgµν + zιzνgαµ)dzν
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Now consider
ωηζ∇ηΓ̂αµγdzµ ∧∇ζ Γ̂γνβdzν ⊗1 dzβ = ωηζ(δαηgµγ + zαzγgηµ)dzµ ∧ (δγζgνβ + zγzβgζν)dzν ⊗1 dzβ= ωαγgµγgνβdzµ ∧ dzν ⊗1 dzβ= 1
z3
(αµ3 + 3µγzαzγ)gνβdzµ ∧ zν ⊗1 dzβ=Vol⊗1 dzα
where the cancellations in the second line result from the antisymmetry of µ, ν and
η, ζ. For the second term use
Hµν = 1
2
(zµzν − δµν)Vol
giving
Γ̂αµγΓ̂
γ
νβH
µν ⊗1 dzβ = 1
2
zαzγgµγgνβ(zµzν − δµν)Vol⊗1 dzβ
= 1
2
zαzν ((z1)2 + (z2)2(z3)4 − 1(z3)4 ) δνβVol⊗1 dzβ
= − zα
2z3
Vol⊗1 dz3
Combining these two (remembering to add an overall 1/2 to the first) results in
Γ̂αµγdz
µ ∧1 Γ̂γνβdzν ⊗1 dzβ = Γ̂αµγΓ̂γνβdzµ ∧ dzν ⊗1 dzβ + λ
2z3
(z3Vol⊗1 dzα − zαVol⊗1 dz3)
(iii) The last term involves the O(λ) of Γ1αµγΓ1γνβdzµ ∧ dzν ⊗1 dzβ and is
zγgνβ(zαz33µγdzµ−αγ3dz3)∧dzν⊗1dzβ+zαgµγdzµ∧(zγz33νβdzν−γβ3dz3)⊗1dzβ
The second term, which given in components is
zαgµγ(zγz33νβ + 1
z3
γβδδνz
δ)
can be shown to be symmetric in µ, ν and therefore vanishes, whereas the first can
be expanded and simplified to give
zγgνβ(zαz33µγdzµ−αγ3dz3)∧dzν⊗1dzβ = − 1(z3)2 (1−(z3)2)Vol⊗1dzα−2zαz3 Vol⊗1dz3
Now, taking together the above terms gives the semiclassical Riemann tensor as
Riem1(dzα) = −1
2
R̂αβµνdx
µ ∧ dxν ⊗1 dxβ + λ
2(z3)2 (1 + (z3)2)Vol⊗1 dzα
Where the classical Riemann tensor is Rιγµνdz
µ ∧ dzν ⊗1 dzγ = dzι ∧ g. This is the
same result as the general tensorial calculation using (2.16), as a useful check of
those formulae.
For the Ricci tensor, the form of the quantum lift from Proposition 2.4 is
i1(dzµ ∧ dzν) = 1
2
(dzµ ⊗1 dzν − dzν ⊗1 zµ) + λI(dzµ ∧ dzν)
The functorial choice here comes out as I(dzµ ∧dzν) = 0, but we leave this general.
In 2D the lift map has three independent components which, in tensor notation, we
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parametrize as α ∶= I1211, β ∶= I1222 and γ ∶= I1212, with the remaining components
being related by symmetry. Then the tensorial formula (2.19) gives us
Ricci1 = −1
2
g1 − 3λ
2
Ṽol
− λ(z3)2 ((αz1z2 + γ((z2)2 − 1))dz1 ⊗1 dz1 − (βz1z2 + γ((z1)2 − 1))dz2 ⊗1 dz2+(γz1z2 + α((z1)2 − 1))dz1 ⊗1 dz2 − (γz1z2 + β((z2)2 − 1))dz2 ⊗1 dz1)
Next, following our general method, we require I to be such that ∧1Ricci1 = 0, i.e.
quantum symmetric. This results in the constraint
γ = − 1
4z1z2
(3z3 + 2α((z1)2 − 1) + 2β((z2)2 − 1))
with α and β undetermined. We also want Ricci1 to be hermitian or ‘real’ in the
sense flip(∗ ⊗ ∗)Ricci1 = Ricci1 which already holds for − 12g1. Since λ is imaginary
this requires the matrix of coefficents in the order λ terms displayed above to be
antisymmetric as all tensors are real. This imposes three more constraints which
are fortunately not independent and give us a unique suitable lift, namely with
α = 3
4z3
(1 − (z2)2), β = 3
4z3
(1 − (z1)2), γ = 3
4
z1z2
z3
.
The result (and similarly in any rotated coordinate chart) is
i1(dz1 ∧ dz2) = 1
2
(dz1 ⊗1 dz2 − dz2 ⊗1 z1) − 3λ
4z3
g
Ricci1 = −1
2
g1
where the latter in our conventions is analogous to the classical case. And from
this or from (2.21) we get the quantum scalar curvature
S1 = −1
2
Ŝ, Ŝ = R̂µνgµν = 2
the same as classically in our conventions, so this has no corrections at order λ.
As remarked in the general theory, the quantum Ricci scalar is independent of the
choice of lift I.
We also find no correction to the Laplacian at order λ since the classical Ricci
tensor is proportional to the metric hence the contraction in Theorem 2.3 gives
ωαβ(∇̂βdf)α which factors through ∇̂ ∧ df = 0 due to zero torsion of the Levi-
Civita connection.
We close with some other comments about the model. In fact the parameter λ
in this model is dimensionless and if we want to have the usual finite-dimensional
‘spin j’ representations of our algebra then we need
λ = ı/√j(j + 1)
for some natural number j as a quantisation condition on the deformation parame-
ter. Here our reality conventions require λ imaginary. It is also known from [5] that
this differential algebra arises from twisting by a cochain at least to order λ2 but in
such a way that the twisting also induces the correct differential structure at order
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λ, i.e. as given by the Levi-Civita connection. We let U(so1,3) have generators and
relations [Mi,Mj] = ijkMk, [Mi,Nj] = ijkNk, [Ni,Nj] = −ijkMk
acting on the classical zi (i.e. converting [5] to the coordinate algebra) as,
Mi▷zj = ijkzk, Ni▷zj = zizj − δij .
This is the action of so1,3 on the ‘sphere at infinity’. The cochain we need is then[5]
F −1 = 1 + λf + λ2
2
f2 +⋯, f = 1
2
Mi ⊗Ni
to be constructed order by order in such a way that the algebra remains associative
(and gives the quantisation of S2 as a quotient of U(su2)). On the other hand
cochain twisting extends the differential calculus to all orders as a graded quasi-
algebra in the sense of [6]. Specifically, if we start with the classical algebra and
exterior algebra on the sphere, the deformed products at order λ are
zi ● zj = (F −1▷zi)(F −2▷zj) = zizj + λ
2
ijkz
k
zi ● dzj = (F −1▷zi)dF −2▷zj = zidzj + λ
2
zjimnz
mdzn
dzj ● zi = (F −1▷dzj)dF −2▷zi = (dzj)zi − λ
2
zijmnz
mdzn − λ
2
ijmdz
m
giving relations
[zi,dzj]● = λ
2
((zijmn + zjimn)zmdzn + ijmdzm) = λzjjmnzmdzn
in agreement with the quantisation of the calculus by the Levi-Civita connecton.
For the last step we let
wi = ijkzjdzk.
and note that classically ziwjijk = −dzk using the differential of the sphere relation
and hence ziwj − zjwi = −ijkdzk, which we use. This twisting result in [5] is in
contrast to other cochain twist or deformation theory quantisations such as in [22],
which consider only the coordinate algebra. It means that although the differential
calculus is not associative at order λ2, corresponding to the curvature of the sphere,
different brackets are related via an associator and hence strictly controlled. One
can then twist other aspects of the noncommutative geometry using the formalism
of [6], see also more recently [2].
To get a sense of how these equations fit together even though nonassociative, we
work now in the quantum algebra so from now till the end of the section all products
are deformed ones. We have the commutation relations[zi, zj] = λijkzk, [zi,dzj] = λwizj
to order λ. Then, if we apply d to the first relation we have
λijkdz
k = [dzi, zj] + [zi,dzj] = λ(wizj −wjzi) = λjikkmnzmwn = −λijkkmnzmnabzadzb= −λijk(δkaδmb − δkb δma )zmzadzb = λijkdzk − λzmijkzkdzm
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which confirms that ∑ zmdzm = O(λ) (which is to be expected since it is zero
classically). In fact we only need the commutation relations for i, j = 1,2 to arrive
at this deduction. Moreover,
0 = d(∑
m
zmzm) = 2zmdzm − λwmzm + [dz3, z3] + λw3z3
and wmzm = O(λ) since zero classically, which tells us that[z3,dz3] = λw3z3 + 2zmdzm.
Hence zmdzm = 0 at order λ if the z3 commutation relations hold as claimed. In fact
assuming only the i, j = 1,2 commutation relations one can deduce (so long as z3 is
invertible) that [z3,dzj] = λw3zj for j = 1,2 by looking at [(z3)2,dzi] = 2z3[z3,dzi]
on the one hand and using the radius relation on the other hand. From this and
λi3kdz
k = [dzi, z3]+[zi,dz3] we deduce that [zi,dz3] = λwiz3 as claimed. Then by
the same calculation as for the [z3,dzi] relation we can deduce [z3,dz3] = λw3z3
as well. Thus, we have internal consistency of the quantum algebra relations even
if we do not have associativity of the relations involving the dzi and can use the
algebra to deduce the rotationally invariant form of the commutation relations as
claimed earlier.
3. Semiquantum FLRW model
We work with coordinates t, xi, i = 1,2,3, possibly with singularities. We also use
polars r, θ, φ for the spatial coordinates so that d2Ω = sin2(θ)dφ ⊗ dφ is the unit
sphere metric. It is already known from [9] that for bivector ω to be rotationally
invariant leads in polars to
(3.1) ω23 = f(t, r)
sin θ
= −ω32, ω01 = g(t, r) = −ω10
for some functions f, g and other components zero. Our approach is to solve (2.2)
for S using the above form of ω and ∇̂ for the chosen metric, which in the present
section is the spatial flat FLRW one
g = −dt⊗ dt + a(t)2(dr ⊗ dr + r2d2Ω)
with
Γ̂011 = a˙a, Γ̂022 = a˙ar2, Γ̂033 = a˙ar2 sin2(θ),
Γ̂101 = a˙a , Γ̂122 = −r, Γ̂133 = −r sin2(θ)
Γ̂202 = a˙a , Γ̂221 = 1r , Γ̂233 = − sin(θ) cos(θ)
Γ̂303 = a˙a , Γ̂331 = 1r , Γ̂323 = cot(θ)
Remarkably, if ω is generic in the sense that the functions a, f, g are algebraically
independent and invertible then it turns out that one can next solve the Poisson-
compatibility condition (2.2) for S uniquely using computer algebra. This is relevant
if we drop the requirement (2.3) that ω obeys the Jacobi identity which is to say
if we allow the coordinate algebra to be nonassociative at order λ2 and if we drop
(2.12) which is to say we allow a possible quantum effect where ∇1g1 = O(λ) in
its antisymmetric part. Such a theory appears quite natural for this reason, but
for the present purposes we do want to go further and impose (2.3) as well as the
condition (2.12) for the existence of a fully quantum Levi-Civita connection.
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Proposition 3.1. In a FLRW spacetime with spherically symmetric Poisson ten-
sor, to have a Poisson-compatible connection obeying (2.12) and (2.3) requires up
to normalisation that g(r, t) = 0 and f(r, t) = 1. The contorsion tensor in this case
is
S022 = aa˙r2, S122 = a2r, S033 = aa˙r2 sin2(θ), S133 = a2r sin2(θ)
S120 = S123 = S223 = S320 = S130 = S132 = S230 = S233 = 0
up to the outer antisymmetry of Sµνγ . The remaining components Sµ0ν , Sµ1ν
are undetermined but are irrelevant to the combination ωαβ∇β (the contravariant
connection), which is uniquely determined.
Proof. As already noted in [9] for ω of the rotationally invariant form (3.1) to obey
(2.3) comes down to
(3.2) g∂tf = g∂rf = 0
which tells us that either f = k a constant or g = 0. We examine the former case,
then the Poisson compatibility condition (2.2) becomes
S201 = 0, S301 = 0, S001g − ∂rg = 0, S314 = 0, S233 = 0, S322 = 0
S031kr
2a2 +S112g sin(θ) = 0, r2a2k sin(θ)S021 +S311g = 0, aa˙ sin(θ)g + kS231 = 0
S203g − r2 sin(θ)(ra2 − S231) = 0, S002a2g + S112g = 0, sin(θ)g + S230kr = 0
kr4a2 sin(θ)aa˙ + S312g + kS022 = 0, a2r3k sin2(θ) + S203g + kS331 = 0
r4a3 sin2(θ)S033 − S312 = 0, sin(θ)g − rkS320 = 0, kr2S031 − S002g sin(θ) = 0
a2S003 −S322 = 0, S021r2 sin(θ)+S003 = 0, 2kaa˙r2 sin(θ)−S022 sin(θ)−kS033 = 0
gaa˙ sin(θ)−kS321 = 0, r2a2∂tg+r2aa˙g+S012 = 0, (2ra2−S122)k sin2(θ)+S331 = 0.
This is not enough to determine all the components of S and hence ∇ but it deter-
mines enough components for the Ricci two-form to be uniquely determined when
k ≠ 0 as R01 = 1
r2
(5r2aa˙∂tg − a˙2 + gr2aa˙ + ∂2t gr2aa˙ − ∂2rgr2 − 2r∂rg + 6g)
R23 = 1
kr2
sin(θ) (k2r4a2 + ga2r2 − g2) .
We can now impose the Levi-Civita condition, using the Physics package in Maple,
to expand (2.12) and solve for g simultaneously with the above requirements of
(2.2) (details omitted). This results in g = 0 as the only unique solution permitting
Poisson compatibility and a quantum Levi-Civita connection for f a (nonzero)
constant. The case f = 0 also has this conclusion and we exclude this so as to
exclude the unquantized case ω = 0 in our analysis. We now go back and examine
the second case, setting g = 0 and leaving f arbitrary. Now (2.2) results in a number
of equations but they include
∂rf = 0, ∂tf = 0
independently of the contorsion tensor. Hence this takes us back to g = 0 and f
constant again. We can absorb the latter constant in λ, i.e. we take k = 1 up to
the overall normalisation of ω. Then the above-listed content of (2.2) setting k = 1
and g = 0 gives us the values of S and 12 undetermined components as stated.
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In the process above we also solved (2.12) so this holds for the stated S with f = 1
and g = 0. As this depended on a Maple solution, we also check it analytically as
follows. We set
(3.3) Qγµν = ωαβ gρσ Sσβν(Rρµγα +∇αSργµ) − ωαβ gρσ Sσβµ(Rρνγα +∇αSργν)
while from the above with k = 1, g = 0, the Ricci two-form for our solution is
(3.4) R = −1
2
ka2r2 sin(θ)dθ ∧ dφ
and is independent of the undetermined components. This allows us to compute∇̂0Rµν = ∇̂1Rµν = 0 as well as
∇̂2Rµν = ark sin(θ)⎛⎜⎜⎜⎝
0 0 −a˙r 0
0 0 −a 0
a˙r a 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , ∇̂3Rµν = ark sin(θ)
⎛⎜⎜⎜⎝
0 0 a˙r 0
0 0 a 0−a˙r −a 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Further calculation yields Q0µν = Q1µν = 0 and
Q2µν = ark sin(θ)⎛⎜⎜⎜⎝
0 0 −a˙r 0
0 0 −a 0
a˙r a 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , Q3µν = ark sin(θ)
⎛⎜⎜⎜⎝
0 0 a˙r 0
0 0 a 0−a˙r −a 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Substituting into (2.12) we see that this holds in the form 1
2
Qγαβ− 12 ∇̂γRµν = 0. 
Thus we see that if we want the Poisson bracket to obey the Jacobi identity so as to
keep an associative coordinate algebra and if we want a full quantum Levi-Civita
connection without on O(λ) correction to the antisymmetric part of the quantum
metric compatibility tensor ∇1g1, then rotational invariance forces us to a model
in which time is central and in which the other commutation relations are also
determined uniquely from ωαβ∇β . To work these out it is convenient (though not
essential) to work with the angular variables in terms of zi = xi/r as redundant
unit sphere variables at each r, t, with dzi = 1
r
dxi− xi
r2
dr. Now, using the contorsion
tensor above Christoffel symbols of the ‘quantising’ connection come out as
(3.5)
Γ0µν = ⎛⎜⎜⎜⎝
0 −S001 −S002 −S003
0 aa˙ − S011 −S012 −S013
0 0 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , Γ1µν =
⎛⎜⎜⎜⎝
S100
a˙
a
S102 S
1
03
a˙
a
+ S110 0 S112 S113
0 0 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Γ2µν =
⎛⎜⎜⎜⎜⎜⎝
S200 S
2
01
a˙
a
S203
S210 S
2
11 r
−1 S212
0 0 z
1(1−(z2)2)(z3)2 (z1)2z2(z3)2
0 0 (z1)2z2(z3)2 z1(1−(z1)2)(z3)2
⎞⎟⎟⎟⎟⎟⎠
, Γ3µν =
⎛⎜⎜⎜⎜⎜⎝
S300 S
3
01 S
3
03
a˙
a
S310 S
3
11 S
3
12 r
−1
0 0 z
2(1−(z2)2)(z3)2 z1(z2)2(z3)2
0 0 z
1(z2)2(z3)2 z2(1−(z1)2)(z3)2
⎞⎟⎟⎟⎟⎟⎠
while the bimodule relations are independent of the undetermined components of
S and come out as[zi, zj] = λijkzk, [zi,dzj] = λzjimnzmdzn
which is the fuzzy unit sphere of Section 2.5. Our quantum algebra at least at order
λ is thus classical in the r, t directions and a standard fuzzy sphere in the angular
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ones. We also have [r, xi] = 0, [r,dxi] = 0, [xi,dr] = 0
so that r, t,dt,dr are all central. The undetermined contorsion components do not
enter these relations from (2.5) because only ω23 is nonzero so contraction with the
Christoffel symbols selects only the Γµ2ν and Γ
µ
3ν components which depend on
only the corresponding S components.
For the rest of this section for the sake of brevity, we shall concentrate on the case
where the undetermined and irrelevant S components are all set to zero, returning
later when analyzing general spherically symmetric metrics to see what happens
when these are included. For the record, changing to Cartesians, the nonzero
bimodule relations are[xi, xj] = λrijkxk, [xi,Ωj] = λ
r
xjimnx
mΩn
by letting dzi = Ωi/r while our choice of the undetermined contorsion tensor com-
ponents allows us to write down a nice expression for the ‘quantising’ connection
Γijk = −xm
r2
ikn
n
jm, Γ
i
0j = a˙
a
δij Γ
i
j0 = 0
The torsion comes out as
T ijk = xm
r2
imn
n
jk, T
i
0j = a˙
a
δij
and the Riemann, Ricci and scaler curvatures are
(3.6) Rijkl = 1
r2
ijm
m
kl + 1
r4
(xjxmimnnkl + xixmjmnnkl)
(3.7) Rij = 1
r4
(δijr2 − xixj), S = 2
a2r2
and it should be noted that R0jkl = Ri0kl = Rij0l = 0 and Ri0 = R0i = 0.
3.1. Construction of quantum metric and quantum Levi-Civita connec-
tion. Having solved for a Poisson bracket and Poisson compatible metric-compatible
connection we are in a position to read off, according to the theory in [9], the full
exterior algebra and the quantum metric to lowest order. First compute
(3.8) Hij = − 1
2r3
(inkxmxjxk − r2inkδjmxk)dxn ∧ dxm
from which we get
(3.9) Rmn = a2
r
mnkx
k, R = a2
2r
mnkx
kdxn ∧ dxm
As with the curvature, all time components are equal to zero. From Γ and Hij we
have
dxi∧1dxj = dxi∧dxj+ λ
2r3
(r2inmxj + r2ijmxn + r2inkδjmxk + inkxkxjxm)dxm∧dxn
(3.10) dr ∧1 dxi = dr ∧ dxi, dt ∧1 dxi = dt ∧ dxi, dxi ∧1 dt = dxi ∧ dt
{dxi,dxj}1 = λ
r3
(r2inmxj + r2ijmxn + r2inkδjmxk + inkxkxjxm)dxm ∧ dxn
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Similary, from Γ and R we compute g1 from (2.9). Remarkably, the correction term
λ
2
ωαβgµρΓ
ρ
ακΓ
κ
βν exactly cancels the λRµν so that g1µν = gµν and
(3.11) g1 = gµνdxµ ⊗1 dxν
Moreover since the components gµν depend only on time, we also have that g1µν =
g˜1µν . It is a nice check to verify that ∧1(g1) = 0 is satisfied as it must from our
general theory. The second version of the metric is subtly different and equality
depends on the form of the FLRW metric. One can also compute
ωµν[∇µ,∇ν]Tαβγ = 0, ωµν[∇µ,∇ν]Sαβγ = 0
∇̂iRmn = −a2
r3
(mnkxkxi − r2mni) − aa˙
r
(inkxk − imkxk)
and see once again that (2.12) holds as it must by construction in Proposition 3.1.
Hence a quantum Levi-Civita connection for g1 exists by the theory from [9] and
from Lemma 2.2 we find it to be∇1(dxι) = Γ̂ιµνdxµ ⊗1 dxν
which, like the quantum metric earlier, keeps its undeformed coefficients in the
coordinate basis if we keep all coefficients to the left and use ⊗1. The theory in
[9] ensures that this is quantum torsion free and quantum metric compatible as a
bimodule connection with generalised braiding σ1 from (2.14) which computes as
(3.12)
σ1(dxa ⊗1 dxb) = dxb ⊗1 dxa + λr3 (kbkxkxmxn + knbxkxaxm + 2r2abk xkδmn+ 2r2bmkxkδan − r2amkxkδbm + r2bckxkδab)dxn ⊗1 dxm
σ1(dt⊗1 dxa) = dxa ⊗1 dt
σ1(dxa ⊗1 dt) = dt⊗1 dxa
It is a reassuring but rather nontrivial check to verify directly from our results for∇1, σ1, g1 that ∇1g1 = 0 as implied by the general theory in [9]. Lastly, we compute
the quantum lift map from Proposition 2.4 as
i1(dxa ∧ dxb) = 1
2
(dxa ⊗1 dxb − dxb ⊗1 dxa)
− λ
4r
abmxn (dxm ⊗1 dxn + dxn ⊗1 dxm)
i1(dt ∧ dxα) = 1
2
(dt⊗1 dxα − dxα ⊗1 dt)(3.13)
i1(dxα ∧ dt) = 1
2
(dxα ⊗1 dt − dt⊗1 dxα)
with we have taken the functorial choice I = 0.
3.2. Laplace operator and Curvature Tensors. We first observe that [dxm, gmn] =
0 for the FLRW metric since either the coefficients gmn depend only on t or are con-
stant in our basis. Hence the inverse metric is simply (dxa,dxb)1 = gab undeformed
similarly to the coefficients of g1, since then(f ● dxα, gµν ● dxµ)1 ● dxν = (f ● dxa,dxµ ● gµν)1 ● dxν − (f ● dxα, [dxµ, gµν])1 ● dxν= f ● (dxα,dxµ)1 ● gµν ● dxν = f ● dxα
as required, where we also need that {gam, gmn} = 0 which holds for the FLRW
metric. Similarly on the other side. It follows that the quantum dimension is
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the same as the classical dimension, namely 4, in our model. Similarly, because∇1, g1, ( , )1 also have their classical form, from Theorem 2.3 we get that◻1f = gαβ (f,αβ + f,γΓ̂γαβ)
is also undeformed on the underlying vector space. We used that ∇1 is a left
connection. We can also calculate Riemann tensor using (2.15) from which we see
that corrections come from ∧1.
Riem1(dxi) = (d⊗ id)∇1dxi − Γ̂iµγdxµ ∧1 Γ̂γναdxν ⊗1 dxα
= −1
2
R̂iαµνdx
µ ∧ dxν ⊗1 dxα − λa˙2
2r3
inkx
kxjxmdx
m ∧ dxn ⊗1 dxj
−λa˙2
2r
(inmxj + ijmxn + inkδjmxk)dxm ∧ dxn ⊗1 dxj
Riem1(dt) = −1
2
R̂0αµνdx
µ ∧ dxν ⊗1 dxα
Next step is to calculate Ricci1 which comes out as
Ricci1 = −1
2
R̂αβdx
β ⊗1 dxα
with no corrections to the coefficients in this form. The classical Ricci tensor for
the Levi-Civita connection in our conventions is
R̂icci = −1
2
((2a˙2 + aa¨) δijdxi ⊗ dxj − 3 a¨
a
dt⊗ dt)
and Ricci1 has the same form just with ⊗1. The components again depend only
on time, hence are central, which means that ρ = 0 as well. It remains to verify
that ∧1(Ricci1) = 0 as it should have the same quantum symmetry as g1. So using
(3.10), we first see that dt∧1dt = 0 leaving (since the coefficients are time dependent
they can be neglected here)
δijdx
i∧1dxj = λ
2r3
δij (r2inmxj + r2ijmxn + r2inkδjmxk + inkxkxjxm)dxm∧dxn = 0
From (2.21) we calculate the scalar curvature. Since neither the quantum metric
or Ricci tensor have any semiclassical correction, it is straightforward to see that
the same is true of the Ricci scalar, i.e.
(3.14) S1 = −1
2
Ŝ, Ŝ = R̂µνgµν = 6
a2
(a¨a + a˙2)
From Proposition 2.1, the quantum dimension of this model comes out as
dim(M)1 = dim(M) − λωαβgµν,αΓνβµ = 4
since the metric depends only on t the O(λ) term vanishes.
4. Semiquantisation of spherically symmetric metrics
4.1. General analysis for the spherical case. In the previous section we saw
that, for a spherically symmetric Poisson tensor, demanding a compatible connec-
tion that also satisfied (2.12) results in a unique quantum Levi-Civita connection for
the FLRW metric. Something similar was observed to the Schwarzschild black hole
in [9] which suggests a general phenomenon for the spherically symmetric case. We
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prove in the present section that this is generically true. For the metric we choose
a diagonal form
g = a2(r, t)dt⊗ dt + b2(r, t)dr ⊗ dr + c2(r, t)(dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)
where a, b, c are arbitrary functional parameters. The Poisson tensor is taken to be
the same as in Section 3, once again parameterized by
ω23 = f(t, r)
sin θ
= −ω32, ω01 = g(t, r) = −ω10
The Christoffel symbols for the above metric are
(4.1)
Γ̂000 = ∂taa , Γ̂001 = ∂raa , Γ̂033 = −b∂tb sin2(θ)a2 , Γ̂011 = −b∂tba2 , Γ̂022 = −c∂tca2
Γ̂100 = −a∂rab2 , Γ̂111 = ∂rbb , Γ̂133 = −b∂rb sin2(θ)b2 , Γ̂101 = ∂tbb , Γ̂122 = −c∂rcb2
Γ̂202 = ∂tcc , Γ̂221 = ∂rcc , Γ̂233 = − sin(θ) cos(θ)
Γ̂303 = ∂tcc , Γ̂331 = ∂rcc , Γ̂323 = cot(θ)
Now for the quantum Levi-Civita connection.
Theorem 4.1. For a generic spherically symmetric metric with functional param-
eters a, b, c and spherically symmetric Poisson tensor, the Poisson-compatibility
(2.2) and the quantum Levi-Civita condition (2.12) require up to normalisation
that g(r, t) = 0 and f(r, t) = 1 and the contorsion tensor components
S022 = c∂tc, S122 = c∂rc, S033 = c∂tc sin2(θ), S133 = c∂rc sin2(θ)
S120 = S123 = S223 = S320 = S130 = S132 = S230 = S233 = 0
up to the outer antisymmetry of Sµνγ . The remaining components Sµ0ν , Sµ1ν
remain undetermined but do not affect ωαβ∇β, which is unique. The relations of
the quantum algebra are uniquely determined to O(λ) as those of the fuzzy sphere[zi, zj] = λijkzk, [zi,dzj] = λzjimnzmdzn
as in Section 2.5 and[t, xµ] = [r, xµ] = 0, [xµ,dt] = [xµ,dr] = 0
so that t, r, dt, dr are central at order λ.
Proof. The first part is very similar to the proof of Proposition 3.1 but with more
complicated expressions. We once again require that either f = k or g = 0 for ω to be
Poisson. Taking first f = k and leaving g arbitrary gives the Poisson compatibility
condition (2.2) as
S102 = 0, S301 = 0, S322 = 0, S310 = 0, S012 = 0, S332 = 0,
gabS001 + ab∂rg + ga∂rb + gb∂ra = 0, ab2∂tg + abg∂tb + b2g∂ta + a3gS011 = 0
c2S331 − b2S122 + 2c∂rc = 0, kc2S031 + gb2 sin(θ)S112 = 0, g∂tc sin(θ)− cS132 = 0,
a2g sin(θ)S312 − ka2S022 − kc∂tc = 0, gb2S302 sin(θ) + kb2S122 sin(θ) − kc∂rc = 0,
S112 + S002 = 0, kcS032 + g∂rc sin(θ) = 0, g sin(θ)S311 + kS021 = 0,
kc∂rc + gb2 sin(θ)S302 + kc2S331 = 0, kd3 sin(θ)S321 − gb2∂tc = 0,
c2S330+a2S022a2+2c∂rc = 0, gS300b2 sin(θ)+ka2S021 = 0, kc2S031−gb2S002 = 0
kc3 sin(θ)S320−a2g∂rc = 0, kc∂tc−ga2S312 sin(θ)+kc2S330, a2S311−b2S300 = 0
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Once again, the above is enough to determine R and can then be solved for g
simultaneously with (2.12) using computer algebra (details omitted) assuming that
a, b, c are generic in the sense of invertible and not enjoying any particular relations.
The only solution is g(r, t) = 0 as in the FLRW case. Now, starting over with g = 0
and f arbitrary, Poisson compatibility (2.2) gives a number of constraints including
∂rf = 0, ∂tf = 0
which again forces us back to g = 0, f = k (which we set to be 1). Our above
reduction of (2.2) setting g = 0 and k = 1 then gives the contorsion tensor is as
stated and by construction we also solved (2.12).
Now we now check (2.12) for this solution directly and independently of the com-
puter algebra (which then does not require a, b, c generic). For this, the generalised
Ricci two-form comes out as
R = −1
2
c2 sin(θ)dθ ∧ dφ
giving us ∇̂0Rµν = ∇̂1Rµν = 0 as well as
∇̂2Rµν = c sin(θ)⎛⎜⎜⎜⎝
0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , ∇̂3Rµν = c sin(θ)
⎛⎜⎜⎜⎝
0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Further calculation yields Q0µν = Q1µν = 0 and
Q2µν = c sin(θ)⎛⎜⎜⎜⎝
0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , Q3µν = c sin(θ)
⎛⎜⎜⎜⎝
0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Substituting, see see that (2.12) holds in the form 1
2
Qγαβ − 12∇γRµν = 0, where Q
is the expression (3.3). This we have solved for the contorsion tensor obeying (2.2)
and (2.12) for any a, b, c and this gives us ωαβ∇β uniquely if these are generic.
Next we take local coordinates z1 and z2 while identifying (z3)2 = 1− (z2)2 − (z1)2.
Then the Poisson tensor becomes
ω = ijkzkdzi ∧ dzj = 1
z3
dz1 ∧ dz2
giving the coordinate algebra as stated. Since only ω23 = −ω32 is nonzero, we also
have {t, xµ} = {r, xµ} = 0. The ‘quantising’ connection is
∇(dt) = −∂ta
a
dt⊗dt− b∂tb
a2
dr⊗dr− ∂ra
a
(dr⊗dt+dt⊗dr)−S00µdt⊗dxµ−S01µdr⊗dxµ
∇(dr) = −a∂ra
b2
dt⊗dt− ∂tb
b
dr⊗dr− ∂tb
b
(dr⊗dt+dt⊗dr)−S10µdt⊗dxµ−S11µdr⊗dxµ
∇(dzi) = −∂rc
c
dr⊗ dzi − ∂tc
c
dt⊗ dzi − δabzidza ⊗ dzb −Si0µdt⊗ dxµ −Si1µdr⊗ dxµ
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due to the Christoffel symbols
Γ0µν = ⎛⎜⎜⎜⎝
∂ta
a
∂ra
a
S001 S
0
02 S
0
03
∂ra
a
b∂tb
a2
+ S011 S012 S013
0 0 0 0
0 0 0 0
⎞⎟⎟⎟⎠ , Γ1µν =
⎛⎜⎜⎜⎝
S100 + a∂rab2 ∂tbb S102 S103
∂tb
b
+ S110 ∂rbb S112 S113
0 0 0 0
0 0 0 0
⎞⎟⎟⎟⎠
Γ2µν =
⎛⎜⎜⎜⎜⎜⎝
S200 S
2
01
∂tc
c
S203
S210 S
2
11
∂rc
c
S212
0 0 z
1(1−(z2)2)(z3)2 (z1)2z2(z3)2
0 0 (z1)2z2(z3)2 z1(1−(z1)2)(z3)2
⎞⎟⎟⎟⎟⎟⎠
, Γ3µν =
⎛⎜⎜⎜⎜⎜⎝
S300 S
3
01 S
3
03
∂tc
c
S310 S
3
11 S
3
12
∂rc
c
0 0 z
2(1−(z2)2)(z3)2 z1(z2)2(z3)2
0 0 z
1(z2)2(z3)2 z2(1−(z1)2)(z3)2
⎞⎟⎟⎟⎟⎟⎠
From (2.5) we immediately see that [t,dxµ] = [r,dxµ] = 0. Furthermore,[z1,dxµ] = −z3Γµ3βdxβ , [z2,dxµ] = z3Γµ2βdxβ
so we can read of from the Christoffel symbols that [xµ,dt] = [xµ,dr] = 0. Evalu-
ating the nonzero terms gives
[z1,dz1] = −z1
z3
(z1z2dz1−((z1)2−1)dz2), [z2,dz2] = z2
z3
(z1z2dz2−((z2)2−1)dz1)
[z2,dz1] = −z2
z3
(z1z2dz1−((z1)2−1)dz2), [z1,dz2] = z1
z3
(z1z2dz2−((z2)2−1)dz1)
which upon using ∑i zidzi = 0 becomes [zi,dzj] = λzjimnzmdzn. 
So we see that in generalizing the analysis, we recover the same bimodule structure
as in the FLRW case and by extension, that of the fuzzy sphere in Section 2.5.
The noncommutativity is purely spacial and confined to spatial ‘spherical shells’;
the surfaces of fuzzy spheres at each time and each classical radius r. We have
checked directly in the proof of the theorem that this is a solution for all a, b, c
while for generic a, b, c we showed that it is the only solution, i.e. we are forced
into this form from our assumptions and spherical symmetry. There do in fact
exist particular combinations of these metric functional parameters which permit
alternative solutions for f and g. In fact we already saw an example in Section 2.4
with the Bertotti-Robinson metric which had f = 0 and g = −r. To see why this
was allowed, we take a brief look at the Poisson compatibility condition (2.2) again,
now with arbitrary f and g and note the particular constraint
S032fc + g∂rc sin(θ) = 0, −S132fc + g∂rc sin(θ) = 0
It is clear that with c arbitrary, we cannot have f = 0 without also having g = 0.
However, allowing c =constant means we can also take f = 0 and g nonzero, as is the
case with the Bertotti-Robinson metric. Indeed, this leads to a different contorsion
tensor, namely with a flat ∇. In fact this exceptional model was fully solved using
algebraic methods in [19] including the quantum Levi-Civita connection to all orders
in λ.
Proceeding with our generic spherically symmetric metric, for brevity we define the
parameters
F1 = 1
a3b
(a2b∂2ra − ab2∂2t b + b2∂tb∂ta − a2∂rb∂ra) , F2 = a2b2 F1
F3 = c
a3b
(a∂tb∂rc − ba∂t∂rc + b∂tc∂ra) , F4 = c
a3b2
(b2∂ta∂tc + a2∂rc∂ra − b2a∂2t c)
NONCOMMUTATIVE SPHERICALLY SYMMETRIC SPACETIMES 35
F5 = c
b3a2
(a2∂rb∂rc + b2∂tc∂tb − a2b∂2r c) , F6 = 1b2a2 (b2a2 + b2(∂tc)2 − a2(∂rc)2)
F7 = 1
a2bc
(a2b∂2r − a2∂rb∂rc − b2∂tb∂tc) , F8 = 1ab2c (−b2a∂2t + a2∂ra∂rc + b2∂ta∂tc)
F9 = 1
abc
(b∂ra∂tc + a∂tb∂rc − ab∂r∂tc)
in which terms the Riemann tensor for the Poisson-compatible ‘quantising’ connec-
tion comes out as
Riem(dt) = −F1dr ∧ dt⊗ dr +C(dt), Riem(dr) = F2dr ∧ dt⊗ dt +C(dr),
Riem(dzi) = δabdzi ∧ dza ⊗ dzb +C(dzi),
where we have collected in the tensor C all contributions coming from the undeter-
mined components of the contorison tensor, namely
C(dxι) = +∇µSι0αdxµ ∧ dt⊗ dxα +∇µSι1αdxµ ∧ dr ⊗ dxα+ (Sι0κSκνα + Sι0αS00ν + Sι1αS10ν)dt ∧ dxν ⊗ dxα+ (Sι1κSκνα + Sι0αS01ν + Sι1αS11ν)dr ∧ dxν ⊗ dxα+ (Sι0αS0iν + Sι1αS1iν)dzi ∧ dxν ⊗ dxα
We also have the classical Ricci tensor for the Levi-Civita connection
R̂icci = −1
2
((F2 + 2F8)dt⊗ dt − (F1 + 2F7)dr ⊗ dr + F9(dt⊗ dr + dr ⊗ dt)
− 1(z3)2 (F6 + F5 − F4)δijdzi ⊗ dzj)
and, for later reference, the Einstein tensor
Ĝ = −1
2
(a2
c2
(F5 + 2F6)dt⊗ dt − a2
c2
(F6 − 2F4)dr ⊗ dr + F9(dt⊗ dr + dr ⊗ dt)
− 1(z3)2 (F5 − F4 − c2b2F1)δijdzi ⊗ dzj)
Before continuing, we turn briefly to the quantity ωβα(Rινµα + Sιµν;α) which ap-
pears in several formulas in Section 2, most importantly, the quantum Levi-Civita
connection condition (2.12). In particular, we note that it is surprising simple with
the only nonzero components
ω2α(R222α + S222;α) = z1z2
z3
, ω2α(R322α + S322;α) = (z2)2 − 1
z3
,
ω3α(R323α + S332;α) = z2z1
z3
, ω3α(R323α + S332;α) = (z2)2 − 1
z3
,
ω2α(R232α + S232;α) = 1 − (z1)2
z3
, ω2α(R332α + S332;α) = −z1z2
z3
,
ω3α(R233α + S233;α) = 1 − (z1)2
z3
, ω3α(R333α + S333;α) = −z1z2
z3
The undetermined components of S do not contribute. In general the ‘quantising’
connection always enters in combination with the Poisson tensor e.g. ωαβΓιβγ so
the same argument as in the proof of Theorem 4.1 applies and we the undetermined
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components Sµ1ν or Sµ2ν in geometrically relevant expressions, as demonstrated by
the generalized Ricci 2-form which now is
R = −1
2
c2mnkz
kdzm ∧ dzn = − c2
z3
dz1 ∧ dz2
From this we have the quantum wedge product
dt∧1dxµ = dt∧dxµ, dxµ∧1dt = dxµ∧dt, dr∧1dxµ = dr∧dxµ, dxµ∧1dr = dxµ∧dr
dzi ∧1 dzj = dzi ∧ dzj + λ
2
(3zizj − δij)dz1 ∧ dz2
and also {dzi,dzj}1 = λ (3zizj − δij)dz1 ∧ dz2
Our next step is to calculate the quantum metric.
g1 = gµνdxµ ⊗1 dxν + λc2
2(z3)2 3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
Working with metric components g˜ij (in the middle) we get
h = c2(2 − (z3)2)(z3)3 3ijdzi ⊗1 dzj
Meanwhile, for the inverse metric with components g˜ij we get
(dz1,dz2)1 = g23 + λ
2
z3
c2
, (dz2,dz1)1 = g32 − λ
2
z3
c2
(dt,dt)1 = g00, (dr,dr)1 = g11, (dz1,dz1)1 = g22, (dz2,dz2)1 = g33
Now, Lemma 2.2 gives the quantum connection as
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν + λ
2(z3)2 c∂tca2 (ijkzkdzi ⊗1 dzj − 3ijzidzj ⊗1 dz3)
(4.2) ∇1(dr) = −Γ̂1µνdxµ⊗1dxν− λ
2(z3)2 c∂rcb2 (ijkzkdzi ⊗1 dzj − 3ijzidzj ⊗1 dz3)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ
2
(ijkzkzadzi ⊗1 dzj − 1(z3)2 ai3dz3 ⊗1 dzi)
Lastly, we calculate the associated braiding. Its nonzero contributions at first order
in λ are
σ1(dzi ⊗1 dzj) = dzj ⊗1 dzi + λ (abczczizj + jaczcδib + ijczcδab)dza ⊗1 dzb
when calculated using (2.14).Once again, a useful, if rather nontrivial check of
the above formulae would be to explicitly calculate ∇1g1 = 0. Meanwhile, from
Proposition 2.4 quantum antisymmetric lift is
(4.3) i1(dxµ ∧ dxν) = 1
2
(dxµ ⊗1 dxν − dxν ⊗1 dxµ) + λI(dxµ ∧ dxν)
The functorial choice gives I(dxµ ∧ dxν) = 0, but we leave this general.
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4.2. Laplace operator and Curvature Tensor. Following from the previous
section, we first calculate the Laplace operator. From Theorem 2.3 we get that◻1f = gαβ (f,αβ + f,γΓ̂γαβ)
as with the flat FLRW metric, is undeformed in the underlying algebra. Then,
(2.16) gives the quantum Riemann tensor as
Riem1(dt) = −1
2
R̂0αµνdx
µ ∧ dxν ⊗1 dxα − λ
2(z3)2 (3ijz3(F3dt − F4dr) ∧ dzi ⊗1 dzj+3ijzi(F3dt − F4dr) ∧ dzj ⊗1 dz3)
Riem1(dr) = −1
2
R̂1αµνdx
µ ∧ dxν ⊗1 dxα + λ
2(z3)2 (3ijz3(F5dt − F3dr) ∧ dzi ⊗1 dzj+3ijzi(F5dt − F3dr) ∧ dzj ⊗1 dz3)
Riem1(dzµ) = −1
2
R̂µαµνdx
µ ∧ dxν ⊗1 dxα + λF6
2(z3)2 (1 + (z3)3)dz1 ∧ dz2 ⊗1 dzµ
Using the lift map (4.3) and the tensor formula (2.19) we get the quantum Ricci
tensor as
Ricci1 = −1
2
R̂µνdx
µ ⊗1 dxν − λ
4(z3)2 (F6 + F5 − F4)3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)− 3λ
4z3
F63ijdz
i ⊗1 dzj − λ
2
R̂αγηζI
ηζ
ανdx
ν ⊗1 dxγ
Lastly, we fix I so that we have both ∧1(Ricci1) = 0 and flip(∗ ⊗ ∗)Ricci1 = Ricci1.
For the latter, it is easiest to consider the quantum Ricci tensor with components
in the middle so that from Section 2.2 we have
ρ = − 1
4(z3)3 ((F5 − F4)(2 − (z3)2) + 2F6(1 + (z3)2)) 3ijdzi ⊗1 dzj−1
2
R̂αγηζI
ηζ
ανdx
ν ⊗1 dxγ
where, for comparison, ρ = − 1
2
ρµνdx
µ⊗1 dxν . Now for the reality condition to hold,
since the coefficients are real and λ imaginary, we require this to be antisymmetric.
We also have
∧1(Ricci1) = − 3λ
2z3
F6dz
1 ∧ dz2 − λ
2
R̂αγηζI
ηζ
ανdx
ν ∧ dxγ
Putting this together results in
R̂αγηζI
ηζ
ανdx
ν ⊗1 dxγ = − 3
2z3
F63ijdz
i ⊗1 dzj
This answer for the contraction of the lift map with the Riemann tensor is unique,
but the same is not true of the lift map itself and we are left with a large moduli
of possible solutions with most components of I undetermined. It is however con-
structive to examine the simplest possible form by setting these to zero, leaving us
with
i1(dz1 ∧ dz2) = 1
2
(dz1 ⊗1 dz2 − dz2 ⊗1 dz1) − 3λ
4z3
δijdz
i ⊗1 dzj
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as the only part with an O(λ) contribution and which is the same as for the fuzzy
sphere seen previously. This results in
ρ = − 1
4(z3)3 (F6 + F5 − F4)(2 − (z3)2)3ijdzi ⊗1 dzj
which we note has the same structure as h for the quantum metric, but with different
coefficients. The quantum Ricci tensor (with components on the left) is now
Ricci1 = −1
2
R̂µνdx
µ ⊗1 dxν − λ
4(z3)2 (F6 + F5 − F4)3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
The scalar curvature, using (2.21), has no corrections and comes out as
S1 = −1
2
Ŝ, Ŝ = R̂µνgµν = 2
c2
(F6 + 2F5 − 2F4) − 2
b2
F1
Note that it depends only on t and r and is therefore central in the algebra. From
Proposition 2.1, the quantum dimension comes out as
dim(M)1 = dim(M) − λωαβgµν,αΓνβµ = 4
It might also be of interest to think about a quantum Einstein tensor. While a
general theorem has not been established, we could consider a ‘naive’ construction
by analogy to the classical expression. Since the quantum and classical dimensions
are the same, we could take for example
G1 = Ricci1 − 1
2
S1g1
which has the same form as the classical case. This can be written as
G1 = −1
2
G1µνdx
µ ⊗1 dxν = −1
2
dxµ ● G̃1µν ⊗1 dxν
where G̃1µν = G1µν − λωαβĜγν,αΓγβµ and as previously the hat denotes that this
is for the Levi-Civita connection. Now since in our case S1 is purely classical and
central, this can be expressed in component form as
G̃1µν = R̃1µν − 1
2
Ŝ g̃µν
following the same pattern as how the components of Ricci1 and g1 are written. If
we write G̃1µν = Ĝµν + λΣµν then
Σ = ρ − 1
4
Ŝ h = 1
4(z3)3 (F5 − F4 − c2b2F1)(2 − (z3)2)3ijdzi ⊗1 dzj
where Σ = − 1
2
Σµνdx
µ ⊗1 dxν and is manifestly antisymmetric corresponding to
flip(∗ ⊗ ∗)G1 = G1. Indeed, G1 is both quantum symmetric and obeys the reality
condition since Ricci1, g1 and Sˆ is real and central. However, we are not claiming
that the above G1 is canonical.
With the results of this section, we can calculate the quantum Levi-Civita con-
nection and related quantities for all metrics of the form (4.1) simply by choosing
appropriate parameters for a,b and c. We look at some examples doing just this.
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4.3. FLRW metric case. Comparing the above results with those of the FLRW
metric in Section 3, there is a disparity that previously the metric appeared un-
deformed while now it has a quantum correction. We resolve this here. We first
specialise the general theory above to the FLRW metric
g = −dt⊗ dt + a2(t)(dr ⊗ dr + r2δijdzi ⊗ dzj)
where we identify the parameters
a(r, t) = 1, b(r, t) = a(t), c(r, t) = ra(t).
This gives us the ‘quantising’ connection up to undetermined but irrelevant contor-
sion tensor components (which are set to zero for simplicity)∇(dt) = −aa˙dr ⊗ dr, ∇(dr) = −aa˙(dr ⊗ dt + dt⊗ dr)
∇(dzi) = −1
r
dr ⊗ dzi − a˙
a
dt⊗ dzi − δabzidza ⊗ dzb
Meanwhile, for the classical Ricci tensor of the Levi-Civita connection we have
R̂icci = −1
2
(−3 a¨
a
dt⊗ dt + (2a˙2 + aa¨) (dr ⊗ dr + r2δijdzi ⊗ dzj))
and the curvature scalar is as in (3.14). Now, the quantum metric comes out as
(4.4) g1 = gµνdxµ ⊗1 dxν + λr2
2(z3)2 3ij (z3dzi ⊗1 dzj − dz3 ⊗1 zidzj)
where xµ refers to coordinates t, r, z1, z2 as we used polar coordinates. Equivalently,
g˜ij (where the components are in the middle) has quantum correction
(4.5) h = a(t)2r2(2 − (z3)2)(z3)3 3ijdzi ⊗1 dzj
For the inverse metric with components g˜ij we obtain
(dz1,dz2)1 = g23 + λ
2
z3
r2
, (dz2,dz1)1 = g32 − λ
2
z3
r2(dt,dt)1 = g00, (dr,dr)1 = g11, (dz1,dz1)1 = g22, (dz2,dz2)1 = g33
The quantum connection is
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν + λ
2(z3)2 aa˙r2 (ijkzkdzi ⊗1 dzj − 3ijzidzj ⊗1 dz3)
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν − λ
2(z3)2 (ijkzkdzi ⊗1 dzj − 3ijzidzj ⊗1 dz3)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ
2
(ijkzkzadzi ⊗1 dzj − 1(z3)2 ai3dz3 ⊗1 dzi)
Then, by computing (F6 + F5 − F4) = r2(2a˙2 + aa¨) the quantum Ricci tensor is
Ricci1 = R̂µνdxµ ⊗1 dxν − λr2
4(z3)2 (2a˙2 + aa¨)3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
With components in the middle, this comes out as
ρ = − 1
4(z3)3 r2(2a˙2 + aa¨)(2 − (z3)2)3ijdzi ⊗1 dzj
and in either case S1 = − 12 Ŝ in our conventions.
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Now these results appear at first sight to be at odds with Section 3 since there the
quantum metric from (3.11) looks the same as classical when written in Cartesian
coordinates. We first write it terms of dzi by writing dxi = rdzi − zidr and note
that since zidr = zi ● dr, we can take such zi terms to the other side of ⊗1. Since
also dzi ● zi = O(λ2) (sum over i), we find
g1 = −dt⊗1 dt + a2(t)(dr ⊗1 dr + r2δijdzi ⊗1 dzj)
This begins to look like (4.4) but note that only z1, z2 (say) are coordinates with
z3 a function of them. In particular,
dz3 = −(z3)−1 ● (z1 ● dz1 + z2 ● dz2) = −(z3)−1(z1dz1 + z2dz2) − λ
2
3ijz
idzj
would be needed to reduce to the form of (4.4) where the first term has only dza⊗1
dzb for a, b = 1,2. Equivalently, we show that we have the same g˜µν . Considering
only the angular part δijdz
i⊗1dzj = dz1⊗1dz1+dz2⊗1dz2+dz3⊗1dz3 and examine
the last term more closely (sum over repeated indices understood)
dz3 ⊗1 dz3 = (z3)−1 ● za ● dza ⊗1 (z3)−1 ● zb ● dzb
= (za
z3
+ λ
2
acz
c) ● dza ⊗1 ( zb
z3
+ λ
2
bdz
d) ● dzb
= dza ● (za
z3
+ λ
2
acz
c) ● ( zb
z3
+ λ
2
bdz
d)⊗1 dzb + [za
z3
,dza] ● zb
z3
⊗1 dzb
= dza ● zazb(z3)2 ⊗1 dzb + λ2 (dza 1(z3)3 (ab + z3bdzazd + z3aczbzc)⊗1 dzb
−dza 1(z3)3 cbzcza ⊗1 dzb)
= dza ● zazb(z3)2 ⊗1 dzb + λ2 dza (2 − (z3)2)(z3)3 ab ⊗1 dzb
The ● in the first term is left unevaluated so as to obtain g˜ij and we clearly see
that we now have the same semiclassical correction h as in (4.5). We can perform a
similar calculation for the quantum Ricci tensor in Section (3.2), making the same
coordinate transformation as for the metric
Ricci1 = −1
2
(−3 a¨
a
dt⊗1 dt + (2a˙2 + aa¨) (dr ⊗1 dr + r2δijdzi ⊗1 dzj))
Indeed, since t and r are central in the algebra, the procedure is simply a repeat of
that for the metric and clearly results in the same ρ as above. Thus we obtain the
same results as in Section 3 but only after allowing for the change of variables in
the noncommutative algebra and ⊗1.
4.4. Schwarzschild metric. We now look at some examples of well known met-
rics that fit the above analysis. For the first, we reexamine the Schwarzschild metric
case in [9, Sec. 7.2]. There it was found that (as we would now expect), the quan-
tum Levi-Civita condition is satisfied for a spherically symmetric Poisson tensor. A
difference however, is that in [9] the torsion tensor was restricted to being rotation-
ally invariant. By contrast, no such assumption is made here yet we are still led
to a unique (con)torsion from Theorem 4.1 up to some undetermined components
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which we show do not enter into the quantum metric, quantum connection etc.
Here the metric is
g = −(1 − rS
r
)dt⊗ dt + (1 − rS
r
)−1 dr ⊗ dr + r2δijdzi ⊗ dzj
so our three functional parameters are
a(r, t) = (1 − rS
r
) 12 , b(r, t) = (1 − rS
r
)− 12 , c(r, t) = r
giving the ‘quantising’ connection up to undetermined but irrelevant contorsion
tensor components (which are set to zero for simplicity)
∇(dt) = −(1 − rS
r
)− 12 rS
r2
(dr ⊗ dt + dt⊗ dr)
∇(dr) = −(1 − rS
r
) 32 rS
r2
dt⊗ dt + (1 − rS
r
)− 12 rS
r2
dr ⊗ dr
∇(dzi) = −1
r
dr ⊗ dzi − δabzidza ⊗ dzb
As a check, by transforming into spherical polars and likewise neglecting the irrel-
evant components, we can recover the ‘quantising’ connection in [9]. In particular
∇(dθ) = −1
r
dr ⊗ dθ + cos(θ) sin(θ)dφ⊗ dφ
∇(dφ) = −1
r
dr ⊗ dφ − cot(θ)(dθ ⊗ dφ + dφ⊗ dθ)
which agrees with [9]. Obviously, the classical Ricci tensor for the Levi-Civita
connection vanishes for the Schwarzschild metric, likewise for the curvature scalar.
Now, the quantum metric comes out as
g1 = gµνdxµ ⊗1 dxν + λr2
2(z3)2 3ij (z3dzi ⊗1 dzj − dz3 ⊗1 zidzj)
While g˜ij (components in the middle) is
h = r2(2 − (z3)2)(z3)3 3ijdzi ⊗1 dzj
For the inverse metric with components g˜ij we get
(dz1,dz2)1 = g23 + λ
2
z3
r2
, (dz2,dz1)1 = g32 − λ
2
z3
r2(dt,dt)1 = g00, (dr,dr)1 = g11, (dz1,dz1)1 = g22, (dz2,dz2)1 = g33
The quantum connection is ∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν − λr
2(z3)3 (1 − rSr )(3ijdzi ⊗1 dzj − 3ijziz3dzj ⊗1 dz3)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ
2
(ijkzkzadzi ⊗1 dzj − 1(z3)2 ai3dz3 ⊗1 dzi)
Meanwhile, from calculating the parameter F6 +F5 −F4 = 0, we see that analogous
to the classical case, the quantum Ricci tensor also vanishes
Ricci1 = 0, ρ = 0
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as does S1.
4.5. Bertotti-Robinson metric with fuzzy spheres. Another interesting ex-
ample is the Bertotti-Robinson metric, discussed in the context of a different dif-
ferential algebra in Section 2.4. In order to draw a comparison between this case
and the previous one, we define our metric as
g = −a2r2αdt⊗ dt + b2r−2dr ⊗ dr + c2δijdzi ⊗ dzj
To chime with the conventions in this section, we relabel the constant terms and
compared to the metric in Section 2.4, the off diagonal component is zero (either
by diagonalising or setting the corresponding coefficient to zero). So our three
functional parameters are
a(r, t) = arα, b(r, t) = br−1, c(r, t) = c
As explained after Theorem 4.1, the theorem in this case does not give a unique
quantum geometry but does give one. Dropping the undetermined and irrelevant
contorsion components, Poisson-connection come out as
∇(dt) = −α
r
(dt⊗ dr + dr ⊗ dt), ∇(dr) = −αr3α a2
c2
dt⊗ dt + 1
r
dr ⊗ dr
∇(dzi) = −δabzidza ⊗ dzb
This is markedly different from that in Section 2.4 (apart from the different choice
of coordinates), in particular with regard to the bimodule relations since previously
t was not central. We also have the Ricci tensor for the Levi-Civita connection
R̂icci = −1
2
(α2r2α a2
b2
dt⊗ dt − α2
r2
dr ⊗ dr + δijdzi ⊗ dzj)
with the corresponding scalar curvature
Ŝ = R̂µνgµν = 2
c2
− 2α2
b2
The quantum metric is
g1 = gµνdxµ ⊗1 dxν + λc2
2(z3)2 3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
While g˜ij (components in the middle) has the deformation term
h = c2(2 − (z3)2)(z3)3 3ijdzi ⊗1 dzj
For the inverse metric with components g˜ij we get
(dz1,dz2)1 = g23 + λ
2
z3
c2
, (dz2,dz1)1 = g32 − λ
2
z3
c2(dt,dt)1 = g00, (dr,dr)1 = g11, (dz1,dz1)1 = g22, (dz2,dz2)1 = g33
Now, the quantum connection is∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν , ∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ
2
(ijkzkzadzi ⊗1 dzj − 1(z3)2 ai3dz3 ⊗1 dzi)
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Again, calculating the parameter F6 + F5 − F4 = 1, the quantum Ricci tensor is
Ricci1 = −1
2
R̂µνdx
µ ⊗1 dxν − λ
4(z3)2 3ij (z3dzi ⊗1 dzj − zidz3 ⊗1 dzj)
With components in the middle, this comes out as
ρ = − 1
4(z3)3 (2 − (z3)2)3ijdzi ⊗1 dzj
and in either case S1 = − 12 Ŝ in our conventions.
5. Semiquantisation of PP-Wave Spacetimes
The examples so far have concerned only spherically symmetric spacetimes. We
used the symmetry as a basis to construct the Poisson tensor and ‘quantising’ con-
nection. However, as the choice of Poisson tensor (or any two-form) is not canonical,
this is evidently not the only route to such a construction, but begs the question
of how one is to find some appropriate structure. An interesting case is that of
pp-wave spacetimes. A spacetime with nonvanishing curvature is referred to as
a pp-wave spacetime if and only if it admits a covariantly constant, null bivector
[13]. These are exact solutions of Einstein’s field equations which model massless
radiation, such as gravitational waves. What makes them interesting here is the
necessary existence of a covariantly constant bivector, indeed the definition is con-
tingent only on this and not the form of the metric. In this case we can canonically
take the ‘quantising’ connection to be the Levi-Civita as we can see from (2.1) with
T = 0.
We work in null coordinates {v, u, z, z¯} where the bar denotes the complex con-
jugate and which can be related to standard Euclidean coordinates by
v = t + x1, u = t − x1, z = x2 + ix3
The metric is
g =H(u, z, z¯)du⊗ du + du⊗ dv + dv ⊗ du − dz ⊗ dz¯ − dz¯ ⊗ dz
where H(u, z, z¯) is some arbitrary function. To construct the bivector associated
with this metric, we consider the complex null tetrad given by
l = dv, n = du − H
2
dv, m = dz¯, m¯ = dz
Here, indices are denoted by lower case Latin letters and range from 1 to 4. As null
vectors these satisfy lala = nana =mama = m¯am¯a = 0 and lana = −mam¯a = 1. From
this a two-form U and its conjugate can be constructed as
U = l ∧ m¯, U¯ = l ∧m
which is covariantly constant ∇̂U = ∇̂U¯ = 0
and null UabU
ac = U¯abU¯ac = 0. This tensor is unique and its existence is guarantied
by the choice of metric, indeed the construction could be reversed and the metric
derived by assuming this two form. For our purposes, we define
ω = a1U + a2U¯ = a1du ∧ dz¯ + a2du ∧ dz
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Where a1 and a2 are two arbitrary constants and ω
abωbc = 0. Obviously we have∇̂ωab = 0
so we can take ∇ = ∇̂. The nonzero Christoffel symbols are
(5.1)
Γ̂111 = 12H,u, Γ̂112 = 12H,z, Γ̂113 = 12H,z¯
Γ̂311 = −12H,z¯, Γ̂011 = − 12H,z
The nonzero components of the Riemann tensor, taking into account the symmetries
Rabcd = −Rbacd and Rabcd = −Rabdc, are
(5.2) R2323 = −∂2zH R2324 = R2423 = −∂z∂z¯H R2424 = −∂2z¯H
And Ricci tensor
(5.3) Ricci22 = −∂z∂z¯H
Regarding the physical interpretation, a wave propagating in Minkowski space along
the x1-axis satisfies (∂2t − ∂2x1)h = ∂u∂vh = 0
and evidently applies to the function H (which is independent of v). Hence, the
metric corresponds to massless radiation with a wave profile given by H traveling
in the x1 direction. For the case of a zero stress-energy-momentum tensor, the vac-
uum solution Ricab = 0 corresponds to purely gravitational radiation or gravitation
waves. The 2-surface with u = v = const. are referred to as wave surfaces (hence
plane waves) and there are no longitudinal modes.
The nonzero bimodule relations are now[v, z] = a1, [v, z¯] = a2, [v,dv] = −1
2
(a1H,z + a2H,z¯)du
Note that this calculus is associative. When cast in Euclidean form these are[t, x1] = 0, [t, x2] = 1
2
(a1 + a2), [t, x3] = − i
2
(a1 − a2),
[x1, x2] = 1
2
(a1 + a2), [x1, x3] = i
2
(−a1 + a2), [x2, x3] = 0
[t,dt] = [t,dx1] = [x1,dt] = [x1,dx1] = (a1
4
(H,x2 − iH,x3) + a2
4
(H,x2 + iH,x3))dx1
−(a1
4
(H,x2 − iH,x3) + a2
4
(H,x2 + iH,x3))dt
5.1. Quantum Metric. As before, we continue to calculate the exterior algebra
and quantum metric. The only nonzero component of H is
H11 = (a1H,zz + a2H,zz¯)du ∧ dz + (a1H,z¯z + a2H,z¯z¯)du ∧ dz¯
Furthermore, it turns out that the only correction to the quantum wedge product
is in the term
dv ∧1 dv = (a1H,zz + a2H,zz¯)du ∧ dz + (a1H,z¯z + a2H,z¯z¯)du ∧ dz¯
with all other having no order λ contribution. Now, checking against (2.4) and
(2.3) shows ω to be Poisson. With a ‘quantising’ connection, we can now look for
NONCOMMUTATIVE SPHERICALLY SYMMETRIC SPACETIMES 45
a quantisation of pp-wave spacetimes by looking at (2.12). We calculate the Ricci
two-form and find R = 0
so we immediately see that (2.12) holds since the contorsion is also zero. So the
there exists a quantum Levi-Civita connection for the above. As it turns out, the
quantum metric is undeformed at order λ
g1 = gµνdxµ ⊗1 dxν
and similarly in the other form, so h = 0. The same result holds for the inverse
metric which is simply ( , )1 = ( , ). It also turns out that all semi-classical
corrections vanish in Lemma 2.2 and we are left with∇1(dxι) = −Γ̂ιµνdxµ ⊗1 dxν
i.e., the same coefficients as classically. Lastly, for the Laplace operator and f =
f(v, u, z, z¯) from Theorem 2.3 we obtain◻1f = gαβ (f,αβ + f,γΓ̂γαβ)
So that this too remains classical. Indeed, looking at the bimodule relations, we
see that the only terms that might experience any contribution at O(λ) must be
functions of v. Since our metric is not, the same is true of the Christoffel symbols
and curvature tensor (from (5.1) and below). Also, looking at the expressions for
the Riemann tensor, it is evident that it does not contain any terms involving dv∧dv
so the modified wedge product also fails to contribute. Hence we do not see any
corrections to the non-commutative Riemann tensor and Ricci tensors either,
Riem1(dxµ) = −1
2
R̂µναβdx
α ∧ dxβ ⊗1 dxν
Ricci1 = −1
2
R̂µνdx
µ ⊗1 dxν
with ρ = 0. It should be remembered that the pp-wave is only a very small part of
a far larger class of solutions. More interesting analysis may be possible within the
Newman-Penrose formalism by relinquishing this requirement.
6. Conclusions
In this paper we extended the study of Poisson-Riemannian geometry introduced
in [9] to include a formula for the quantum Laplace-Beltrami operator at semiclas-
sical order (Theorem 2.3) and we also looked at the lifting map needed to define
a reasonable Ricci tensor in a constructive approach to that. Our second main
piece of analysis was Theorem 4.1 for spherically symmetric Poisson tensors on
spherically symmetric spacetimes. We found that when the metric components are
sufficiently generic (in particular the coefficient of the angular part of the metric is
not constant), any quantisation has to have t,dt, r,dr central (so they remain clas-
sical) and nonassociative fuzzy spheres[7] at each value of time and radius. This a
startling degree of rigidity in which the quantum geometry is uniquely determined
and in which the Laplace-Beltrami operator has no corrections at order λ. Key
to the theorem was condition (2.12) from [9] needed for the existence of a quan-
tum torsion free and fully quantum metric compatible (i.e. quantum Levi-Civita)
connection ∇1. If one wanted to avoid this conclusion then [9] says that we can
drop this condition (2.12), which would then open the door to a larger range of
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spherically symmetric models, but with a new physical effect of ∇1g1 = O(λ) in its
antisymmetric part. One can also drop our other assumption in the analysis that
ω obeys (2.3) for the Jacobi identity. In that generic (nonassociative algebra) con-
text we noted that spherical symmetry and Poisson-compatibility leads to a unique
contorsion tensor, while imposing the Jacobi identity leads to half the modes of S
being undetermined but in such a way that the contravariant connection ωαβ∇β
more relevant to the quantum geometry is still unique. This suggests an interesting
direction for the general theory.
The paper also included detailed calculations of the quantum metric, quantum
Levi-Civita connection and quantum Laplacian for a number of models, some of
them, such as the FLRW, Schwarzschild and the time-central Bertotti-Robinson
model being covered by Theorem 4.1. The important case of the FLRW model
was first solved directly in Cartesian coordinates both as a warm up and as an
independent check of the main theorem (the needed quantum change of coordinates
was provided in Section 4.3). Two models not covered by our analysis of spherical
symmetry are the 2D bicrossproduct model for which most of the algebraic side of
the quantum geometry but not the quantum Laplacian was already found in [8], and
the non-time central but spherically symmetric Bertotti-Robinson model for which
the full quantum geometry was already found in [19] (this case is not excluded by
Theorem 4.1 since the coefficient of the angular metric is constant). In both cases
the quantum spacetime algebra is the much-studied Majid-Ruegg spacetime [xi, t] =
λxi in [18]. The non-time central Bertotti-Robinson model quantises S
n−1 × dS2
and the quantum Laplacian in Section 2.4 is quite similar to the old ‘Minkowski
spacetime’ Laplacian for this spacetime algebra which has previously led to variable
speed of light[1] in that provided wave functions are normal ordered, one of the
double-differentials becomes a finite-difference (the main difference from[1] is that
this time there is an actual quantum geometry forcing the classical metric not to
be flat[19]). However, when we analysed this within Poisson-Riemannian geometry
we found no order λ correction to the quantum Laplacian. We traced this to the
formula for the bullet product in Poisson-Riemannian geometry in [9] being realised
on the classical space by an antisymmetric deformation, which is analogous to Weyl-
ordered rather than left or right normal ordered functions in the noncommutative
algebra being identified with classical ones. Our conclusion then is that order
λ predictions from such models[1] were an artefact of the hypothesised normal
ordering assumption and that Theorem 2.3 is a more stringent test within the
paradigm of Poisson-Riemannian geometry or semi-quantum gravity. We should
not then be too surprised that order λ corrections are more rare than one might
naively have expected from the formula in Theorem 2.3. We see this again for the
the pp-wave model where there is no order λ correction. The 2D bicrossproduct
model in Section 2.3 does however have an order λ deformation to the Laplacian
even within Poisson-Riemannian geometry and we were able to solve the deformed
massless wave equation at order λ using Kummer functions (i.e. it is effectively the
Kummer equation). This behaviour is reminiscent of the minimally coupled black
hole in the wave operator approach of [17] (which was again without the actual
quantum geometry) and its frequency dependent gravitational redshift and speed
of light.
It is less clear at the present time how to draw immediate physical conclusions
from our formulae for the quantum metric g1 and quantum Ricci tensor Ricci1.
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In the FLRW model for example we found that g1 looks identical to the classical
metric but of course as an element of the quantum tensor product Ω1 ⊗1 Ω1. The
physical understanding of how quantum tensors relate to classical ones is suggested
here as a topic of further work. Another topic on which we made only a tentative
comment at the end of Section 4.2, is what should be the quantum Einstein tensor.
Its deformation could perhaps be reinterpreted as an effective change to the stress
energy tensor. This is another direction for further work.
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